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ABSTRACT. Chebyshev’s integral inequality, also known as the covariance inequality,
is an important problem in economics, finance, and decision making. In this paper
we derive some covariance inequalities for monotonic and non-monotonic functions. The
results developed in our paper could be useful in many applications in economics, finance,
and decision making.

1. INTRODUCTION

Chebyshev’s integral inequality is widely used in applied mathematics such as: eco-
nomics, finance, and decision making under risk, see, for example, Wagener [8] and Athey
[1]. Tt could also be used to study the covariance sign of two monotonic functions, see
Mitrinovic, Pecari¢ and Fink [6] and Wagener [8].

However, monotonicity is a very strong assumption that this assumption could be
satisfied sometimes but it could be violated in other occasions at certain specific problems.
Cuadras [2] showed a general identity of the covariance between functions of two random
variables in terms of their cumulative distribution functions. In this paper, using Cuadras
identity, we derive some integral inequalities for monotonic functions and some for non-
monotonic functions.

2. THEORY

We first present Chebyshev’s algebraic inequality, see, for example, Mitrinovic, Pecarié¢
and Fink [6], as follows:

Proposition 2.1. Let «, 5 : [a,b] — R and f(z) : [a,b] — R, where R is the set of
real numbers. We have

(1) if « and B are both increasing or both decreasing, then

b b b b
2y [ @ [ a@seie) diz [ o) dox [ 5 de;and
(2) if one is increasing and the other is decreasing, then the inequality is reversed.

We note that in Proposition 2.1, if f(x) is a probability density function, then Cheby-
shev’s algebraic inequality in (2.1) becomes

Covla(X),B(X)] > 0.
Cuadras [2] extended the work of Hoeffding [3], Mardia [4], Sen [7], and Lehmann [5]
by proving that for any two real functions of bounded variations a(z) and ((x) defined
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n [a, b and e, d], respectlvely, and for any two random variables X and Y such that

E[|ozX Y)|], E[|a(X)|], and E[|8(Y)|] are finite,

(22) Covfa(X // (2.9) — F(2)G ()] daly) dB(a).

where H(x,y) is the joint cumulative distribution function for X and Y, and F' and G
are the corresponding cumulative distribution functions of X and Y, respectively.

As we noted before, monotonicity of both functions a(X) and (X)) in Proposition
(2.1) is a very strong assumption, and thus, this condition may be satisfied in some
situations but it could sometimes be violated in other situations. Thus, it is our objective
in this paper to derive some covariance inequalities for monotonic functions and some for
non-monotonic functions. We first apply the Cuadras identity to relax the monotonicity
assumption of 3(z) for a single random variable in the Chebyshev inequality as shown in
the following theorem:

Theorem 2.2. Let X be a random variable symmetric about zero with support on
[—b,b]. Consider two real functions a(x) and B(x). Assume that B(x) is an odd function
of bounded variation with 5(z) > (<)0 for all x > 0. We have

(1) if a(x) is increasing, then Cov[a(X), B(X)] > (£)0; and
(2) if a(x) is decreasing, then Cov|a(X),3(X)] < (>)0.

Proof. We only prove Part (a) of Theorem 2.2 with f(z) > 0 for all x > 0. Using
Cuadras’s [2] identity, we obtain

28 Cofox).00)] = [ [ () - F@6W]dats) aite),

where H(z,y), F, and G are defined in (2.2). Because X =Y in the theorem, we have
H(z,y) = F(min{z,y}). Therefore, we can write:
(2.4)

Cov[a(X / / (min(z,y) daly) df(x / / ) daly) d(z).

The second term at the right hand side of (2.4) can be expressed as

/_Z/_Z F(z)F(y) da(y) dB(z) = /_ZF(y){ _ZF(;,;) dg(x)} da(y)
- [rwl]- [

—b

= /b F(y)B(b) da(y) = 5 (b) {— /_b a(y)dF(y) + Oé(b)]

(25) — B0 [a(®) - pal,

where

ua=/_ a(y)dF(y) .

b
On the other hand, the first term at the right side of (2.4) becomes

[ 1w aso) = [ ][ ww s + / F) d3(n)| da).

B(e)dF (x) + BB)F(b) - 6<—b)F(—b)] da(y)
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In addition, we have

| Fw a5 = FW) o) - 50)].

and hence,

/_ F)[A0) - 5 |daly) = / F()3(b) daly) -

b

b F(y)B (y) da(y)

= BB = et a(®)] - / F(y)B (y) doly)

—b
Similarly, one can easily show that

[ Fw aste) = - [ s + Fsw).

/ {‘ [ pware) + F<y>ﬁ<y>] day)

- _/_Z [/_Zﬁ(x)dF(a:)] da(y)Jr/_ZF(?J)ﬁ(?/) do(y)
and hence,

/_bb Ub F(min(z, y) dﬁ(m)} da(z) = BO)[—pa+a®d)] - /b F(y)83 (y) da(y)

_b /Uﬁ JiF(@ 1 +/ZF(y)B(y) do(y)
(2.6) = B0~ pa+a(bd) _/ Uﬁ \iF( }

Thereafter, substituting (2.5) and (2.6) into (2.4), we get:

Cov[a(X),8(X)] = BO)[— pta +a (b) —/ V B(z)dF (x }da — B)[ = pta + a (b) ]

_ _/b {/yﬁ(x)dF(x)} da(y)

In addition, one could easily show that T'(y) = — [* yb B(x (x) is an even function. Thus,
we get

b 0 b
Covfa(X),A(X)] = / T(y) daly) = / T(y) daly) + / T(y) doly)

—b

Thus, we have

/_ b { / iF(x) dﬁ(a:)} da(y)

b b
- /0 T(y) da(—y) + /0 T(y) do(y)
b
_ / T()[d(aly) — a(—y))] > 0.

The above inequality holds because: (1) one could easily show that T'(y) = — [ yb B(x)dF(z)

is a decreasing and positive for y > 0, and (2) (a(y) — a(—y)) is increasing. We note
that (2) holds because a(x) is an increasing function. Thus, the assertion in Part (a) of
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Theorem 2.2 holds with G(z) > 0 for all x > 0. The results for other situations could be
proved similarly. O

One may wonder whether the monotonicity assumption for both a (z) and §(z) in
Theorem 2.2 could be relaxed. It is our objective to do so and our next contribution
in this paper is to get this done for the Chebyshev inequality as shown in the following
theorem:

Theorem 2.3. Let X be a random variable symmetric about zero with support on
[—b,b]. Consider two real functions a(x) and ((x). Let G(x) be an odd function of
bounded variation with 5(z) > (<)0 for all x > 0. We have

(1) if a(z) > a(—=x) for all x > 0, then Cov[a(X), (X)] > (L)0; and

(2) if a(z) < a(—2x) for all x > 0 then Cov]a(X), 5(X)] < (>)0.

Proof. We only prove Part (a) of Theorem 2.3 with G(z) > 0 for all x > 0. We note
that since ((z) is an odd function and X be a random variable symmetric about zero
with support on [—b,b], E [ﬁ(X)} = 0. Applying the same steps as shown in the proof of
Theorem 2.2, we obtain

b y
Covla().6x)] = [ |- [ saar )] dat) = 0.
Defining T'(y) = — [*, B(x)dF (x). Then, we have

Cov [Oé(X), ﬁ(X)] = /

—b

b b

T(y) da(y) = — /_ba(y)dT(y) +T(0)a(b) = T(=b)a(-b).
As one could easily show that T'(y) is an even function, T'(b) = —E[3(X)] = 0, and
T(—=b) =0, we get:

b 0 b
Cova(X),8(X)] = — / a(y)dT(y) = / o(y)dT(y) / a(y)dT(y)

—b —b

_ / ()T (y) - / a(y)dT (y)
— /Oa(—y)dT(y)—/o a(y)dI'(y)
= [ lot=) — atar(y) > 0.

In addition, one could easily show that T'(y) is a decreasing function for y > 0. Moreover,
by assumption, a(—y) — a(y) < 0. Thus, we have Cov[a(X), 3(X)] > 0, and thus, the
assertion in Part (a) of Theorem 2.3 follows with G(z) > 0 for all x > 0. The results for
other situations could be proved similarly. O

In the above results, both o and § are functions of the same variable X. We next
extend the results such that o and 3 are functions of two different variables, say X and
Y, respectively. However, in order to get this done, additional assumption could have to
impose. In this paper, we assume that both variables have positive quadrant dependency;
that is, H(z,y) — F(x)G(y) > 0, to get this done as stated in the following theorem:

Theorem 2.4. Let X and Y be two random wvariables with positive quadrant depen-
dency. Consider two functions a(x) and B(x), we have
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(1) if a(x) is increasing (decreasing) and (3(x) is increasing (decreasing), then
Cov[a(X),B(Y)] >0, and
(2) if one of the functions is increasing and the other is decreasing, then

Cov[a(X),B(Y)] <0.

Proof. We only prove the second part of Theorem 2.4. The first part of the theorem can
be proved similarly. Let K(x,y) = H(x,y) — F(2)G(y), we have

C’ov[ //K:Eyda z) dB(y) -

For the situation in which «(z) is an increasing function, since K (z,y) > 0 is continuous,

we have
b
=/zaawdwmzo

In addition, as ( - p (ac)) is an increasing function, one could easily show that

Coo[ax),500) = - [ Kle)i(~ 9w) <0,

and thus, the assertion follows. O

We also note that one could easily obtain the opposite results if one assume negative
quadrant dependency. Therefore, we skip the discussion of properties of the covariance
inequality for negative quadrant dependency in this paper.

In this paper, we first develop Theorem 2.2 to relax the monotonicity assumption on
the function f(x) for Proposition 2.1. We further develop Theorem 2.3 to relax the mono-
tonicity assumption on both a(z) and 3(x). Thereafter, we develop results of Chebyshev
inequality for two random variables X and Y as shown in Theorem 2.4. One may con-
sider relax the monotonicity assumption for Theorem 2.4. We note that to relax the
monotonicity assumption on the function(s) for Proposition 2.1, as shown in Theorems
2.2 and 2.3 is easier as these theorems deal with only one variable. However, to relax the
monotonicity assumption for Theorem 2.4 is not a easy task as Theorem 2.4 is dealing
with two random variables X and Y. In this paper, we manage to relax the monotonicity
assumption on [((z) for Theorem 2.4 as shown in next theorem. We leave the relaxation
of the monotonicity assumption on both a(x) and ((z) to further study.

Theorem 2.5. Let X andY be two dependent random variables with support on [—b,b].
Assume K(x,y) = H(x,y) — F(x)G(y) is increasing in y. Consider two functions o(x)
and (3(x), where B(x) is an even function of bounded variation increasing (decreasing) for
all x > 0. We have

(1) if a(z) is increasing, then Cov[a(X), 3(Y)]
(2) if a(z) is decreasing, then Cov|a(X), B(Y)]

(<) 0; and
(>) 0.

IN IV

Proof. We only prove the first part. Let

Coola().50)] = [ [ Kia.y) data) dsty).

—b b
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Since %—[y{ >0, K(z,y) — K(z,—y) > 0 for all y > 0. Also using the assumption that §(z)
is an even function and increasing for x > 0. Hence, we obtain

T(z) = /ny By /Ka:y dB(y /Ka:y dB(y)
/ K(z,y) dB(y /szdﬁ()
= / [K(2,9) — K (5, )] dB(y) > 0

Finally, as a(x) is an increasing function, we get

Cov[a(X), B(Y)] = / T(z) da(z) > 0,

—b
and the assertion follows; O

We note that, in this case, we have relaxed monotonicity assumption of one of the
functions.

3. CONCLUSION

In this paper we derive some covariance inequalities for monotonic and non-monotonic
functions. We note that though we have relaxed functions monotonicity assumption in
some of our results, we imposed a symmetry assumption on the random variables and
we restricted our analysis only to even or odd functions. The analysis of new covariance
inequalities without these assumptions remains as a task for future research.
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