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Purpose of these notes

The aim of this text is to be an aid for the students of the subject Infinitesimal Calculus 2.

These notes contain the fundamental ideas presented in the theory classes, accompanied by
solved examples and proposed exercises. By collecting an important part of the content of the
sessions, they allow the students to dedicate more attention to the explanation, thus facilitating
the understanding of the subject. The solved examples and proposed exercises also facilitate the
subsequent personal study.

The notes are intended as a support to the lectures, but not as a substitute for them. In
the classroom, the ideas contained herein are developed and commented, concepts are related,
exercises are solved and some graphs are drawn to complement the notes. Therefore, class
attendance is strongly recommended to facilitate the mastery of the subject. As far as possible,
it is desirable to read the notes before the classes, which will help to know in advance the main
aspects of the subject to be covered.
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Unit I. Iﬂtegrati()n (03.06.2024)

1 Primitive of a function

1.1 Definition

Let f be a function defined on J = [a, b]. We say that function F': J — R is a primitive of f on
J if F is differentiable on J and f is its derivative, that is F’ = f. In this case we write

F(x):/f(x)d$

If F'is a primitive of f, functions F' + K, VK € R (and only them) are primitives of f. Indeed:

a) If F' is a primitive of f
(F+K)=F=f

then I+ K is also a primitive of f.
b) If G is a primitive of f, that is G’ = f, then
G-F)=G -F=0—=G-F=K=G=F+K

hence G is F' + K.

1.2 Primitives of discontinuous functions

We will prove later that every continuous function has a primitive. But there are also discontin-
uous functions that have a primitive. For example, consider the function

1
r?sin—, x#0
T

0, x=10

fz) =

1
Outside the origin the derivative of f is f’(z) = 2xsin — — cos —. At the origin we obtain the
x x

derivative by the definition, obtaining

1
z?sin = — 0
/ . T . .
0) =lim ——— =1 —=0
f( ) xlg(l] x—0 :clir(l)xsnlx
then f is also differentiable at x = 0. However, the derivative function

1 1
, 2rsin— —cos—, x#0
f'(x) = x x
0, z=0

has no limit when x — 0. It means that f’ is discontinuous (at = 0), but has a primitive
f, Vx. Then there are discontinuous functions that have a primitive.

Exercise. Study whether the above can be applied to the function

1
3
fla) = z°cos 3, x#0
0, =0
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1.3 Necessary condition for the existence of primitive

As we have seen, there are discontinuous functions with primitive, but it does not mean that
every discontinuous function has it. We will see below that not having jump discontinuities on
J 1s a necessary condition for a function to have a primitive on J.

Proof. We are going to consider a differentiable function f. This function will therefore be a
primitive of its derivative f’. We study the continuity of f’.

First we recall what was studied in “The derivative as a limit of derivatives” (Infinitesimal
Calculus 1, unit IV, section D.5):

Let function f be defined on J = [a,a + J). If f is continuous on J, differentiable on J \ {a}
and 3 lim+ f'(x), then f is differentiable at a™ and it holds
T—a

fla®) = lim f'(z)

z—at

(and the corresponding statement for a™).

That is, if function f” has a one-sided limit at a™ (or a™), the corresponding one-sided derivative
of f will have the value of this limit.

Therefore, if f is differentiable on J, at each point of J the derivative will exist, so it will coincide
with the one-sided derivatives at that point

Voo € J 3 f(z0) = f'(z5) = ['(2q)
and there are two options:

a) Vxy € J there exist the one-sided limits of f’(x), which must coincide with the one-sided
derivatives, so they will coincide with each other and the function f’ is continuous on J.

b) At some point of J one or both one-sided limits do not exist, so f’ has an essential
discontinuity at that point.

But there cannot exist two different one-sided limits since they would be equal to the respective
one-sided derivatives, which coincide.

Thus, if a function is differentiable, its derivative may be discontinuous at some point, because
one or both one-sided limit do not exist; but it cannot have jump discontinuities (different one-
sided limits). Therefore, if a function has a jump discontinuity at a point a € J, it has no
primitive on J.

Example. The continuous function

0, 0<z <1
F(z) =4z —1, 1<z <?2
20 -3, 2<z<3
is primitive of the floor function y = |x] on the intervals (0,1),(1,2) and (2,3). But we have just
seen that a function cannot have a primitive at the points where it has a jump discontinuity.

Indeed, function F' is not differentiable at x = 1 and x = 2 (the points of discontinuity of the
floor function), so at these points y = |z| has no primitive, which agrees with the necessary
condition.

Exercise 1. Given f, differentiable, what can we say about the continuity of f? And of f'?

Exercise 2. Consider the sign function defined on [0, 3]. Find its primitive on the intervals on
which it exists.
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2 The Riemann integral

2.1 Partition of an interval

Given an interval J = [a,b], we divide it into n parts (subintervals) of equal or different size,
inserting n — 1 points between a and b. A partition is the set of n + 1 points:

P(xo,xl...xn)/a:xo<x1<x2<-~~<xn=b

Relation between partitions. Let P and P’ be two partitions of J. If every point of P
belongs to P’ then we say that P’ is finer than P or that P is contained in P’ (P C P’).

The norm (or diameter) of a partition P is the length of the largest of the subintervals into
which J is divided:
(P) =max(z; —x;—1), i=1,2,...n

The length of each subinterval is usually denoted as Ax; = xz; — z;_1.

Exercise. Prove that the relation C between partitions of J is a partial order.

2.2 Darboux sums

Let f be a bounded function on J = [a, b] and P a partition of J. On each subinterval [z;_1, z;],
let M; and m; be respectively the supremum and the infimum of the values of f.

M; =sup f(z), m; =inf f(2), =€ [ri1,Tiz12,.n
Let M and m be respectively the supremum and the infimum of the values of f on J.
M =sup f(x), m=inf f(z), x € [a,D]

Obviously the relation between the supremum and the infimum values of f on any subinterval
and on the interval J is
m<m; <M, <M, 1=12...,n

where, multiplying each term by Ax; and adding for ¢ = 1,2, ..., n, the inequality becomes

n

Z mAz; < i m;Ax; < i M;Ax; < i MAz; (1)

i=1 =1 =1 =1

We now take as a common factor m in the first term and M in the fourth one; adding the values
Az; in both terms, we obtain respectively m(b —a) and M (b — a).

The second and third terms are the sums of the products of the lengths of the subintervals by
the infimum and supremum values of f in them. They are called respectively lower and upper
Darboux sum of function f on the interval J with respect to the partition P.

s(P) = i m;Ax; | ;5 |S(P) = i M;Ax;
i=1 =1

And the inequality (1) turns to the following expression, valid for any bounded function f and
any partition P (the dependency on f is omitted for simplicity).

m(b—a) <s(P) < S(P)< M(b—a) (2)

Infinitesimal Calculus 2. J. Fe. ETSI Caminos. A Coruia 11



Properties. The Darboux sums satisfy the following properties (the first is immediate and
the third is proved):

a) S and s are bounded (upper bound: M (b — a), lower bound m(b — a)).
b) Taking a partition P’ finer than P, the upper sum decreases and the lower sum increases.

PcCP = S(P)>S8(P), s(P)<s(P)

c) Any upper sum is greater than or equal to any lower sum.

VP, Py = S(P1) > s(P)

P: We define P = P, U P, so P, C P and P, C P. Applying relation (2) between s(P) and
S(P) and property b) between sums corresponding to different partitions, it results:

S(P1> > S(P) > S(P) Z S(Pz):>S<p1) 2 S(Pg), VPl,PQ

In figure 1, the areas of the rectangles over and under the curve represent the upper and lower
Darboux sums respectively.

FB) Fovveeoei :

fla) |-

a XX xX; - b

Figure 1: Darboux sums.

2.3 Riemann integrable function

We now take finer and finer partitions P, P, ..., Py, so that 6(F,,) — 0 when m — oco. Thus
we obtain two sequences of Darboux sums {S,,} and {s,,} that, applying property b) satisfy
the following:

- The {S,,} form a monotone decreasing sequence bounded from below, so they converge to
a limit .S, which is called the upper Darboux integral of f on J.

- The {s,,} form a monotone increasing sequence bounded from above, so they converge to
a limit s, which is called the lower Darboux integral of f on J.

Notice that m is the index of the different partitions and the corresponding Darboux sums and
it does not represent the number of points of the partitions. But, if m — oo, the number of
points also tends to oco.

We say that f is Riemann integrable on J if and only if S = s. In this case, this common value
is called the Riemann definite integral of f on [a, b]:

- / ’ Ha)de
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From the process followed, we observe that, if f has a constant sign between a and b, the area
between the curve y = f(x), the lines x = a and = = b and the z axis is:

AL =1 (if f>0); A= -1 (if f <0)

a
If f does not have a constant sign, the integral gives us the value of the net area, where the

parts above the x axis have a positive sign and those below have a negative sign.

Exercise. a) Prove that y = |z] (floor function) is integrable on [5/4,7/4]. b) Prove that
the Dirichlet function is not integrable.

2.4 Necessary and sufficient condition of integrability

The stated integrability condition consists in the fact that, when taking increasingly finer par-
titions, the limits of 5, and s,, coincide, so the limit of their difference is null.

lim S, = lims, = = lim (S, —s,) =0

n—0o0 n—0o0 n—oo

We can express the above by saying that the difference between the respective terms of both
sequences can be made as small as we want, if the partition is sufficiently fine. That is

Ve>03P/S(P)—s(P)<e

(for any partition finer than P, the same condition will hold).

Taking into account the expressions of both sums, seen in 2.2,
s(P) = Z m;Ax; 3 S(P) = Z M;Ax;
i=1 i=1

we arrive at the condition we were looking for: It is a necessary and sufficient condition for a
function f, bounded on [a,b], to be integrable on |a,b] that

Ve >0,3P /| S(P) - s(P) = i (M; — my)A; < ¢

i=1

being M; = sup f(x), m; = inf f(z), z € [z;_1, xi]i:l,z,...n

2.5 Three sufficient conditions of integrability

Three particular cases in which the previous condition is satisfied are the following (the proofs
can be seen in a supplementary document):

a) Every monotone function on [a, b] is integrable on [a, b]. Example: the floor function.
b) Every continuous function on [a, b] is integrable on [a, b]. Example: the sine function.

c) Every piecewise continuous function on [a, b] is integrable on [a,b]. Example: the decimal
part function.

(f is piecewise continuous on [a, b] if it has a finite number of discontinuity points on [a, b]
and the one-sided limits exist and are finite at them).

Exercise. Find examples of integrable functions on [a,b] € R: a) continuous, not monotone;
b) monotone, not continuous; ¢) continuous and monotone; d) neither continuous nor monotone.

Infinitesimal Calculus 2. J. Fe. ETSI Caminos. A Coruia 13



2.6 Properties of the Riemann integral

a) Let f be integrable on [a,b], a < b. We define:

/baf(x)dx __ /abf(x)dx

from where

/jf(x

Ydz =0

b) Let f be integrable on [a, ] and on [¢,b]. Then f is integrable on [a, b] and its integral is

the sum of the integrals.

/abf(x)dx—/acf(x)der/cbf(x)dx

Additivity with respect to the interval also holds when ¢ is not between a and b. Indeed,
let f be integrable on [«, 5] and let a, b, ¢ € |«, f] /a < b < c¢. Then:

/acf(x)dx:/jf@)dw[f(@dﬁ/j-/j:>/ab:/ac+/cb

c) Let f, g be integrables on [a, b]. It is satisfied:

- The linear combination of f and g is integrable on [a,b]. Its integral is the linear combi-

nation of the integrals.

b

/ab()\f(x) + pg(x))de = )\/abf(x)dx + M/ag(x)dx

- The product is integrable on [a, b].

- If g(z) # 0, Vx € [a, b], then the quotient

flg

- If f(z) < g(x), Vo € [a,b], then

(A, u €R)

is integrable on [a, b].

/a ' fla)dr < / ' gla)da

d) If f is integrable on [a, b], its absolute value |f| is also integrable and

/a  Ha)de

< [ @las

3 Intermediate value theorem

Let f be a function continuous on [a,b]. It holds that:

SIS [avb]/ f(f):

1

b_a/abf(:v)dx

Graphic interpretation. There is a value of f which, multiplied by the length of the interval,
gives us the net area under the curve (in fig. 2.a, the intermediate value is represented by t).

Infinitesimal Calculus 2. J. Fe. ETSI Caminos. A Coruna
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Proof. Since f is continuous on J = [a, b], it follows that: 1) it reaches a maximum M and a
minimum m on J (Weierstrass) and 2) it is integrable on J (sufficient condition of integrability).
Then it exists the integral of f on [a,b], which is bounded between the values M (b — a) and
m(b— a) (see 2.2). Therefore

b 1 b
m(b—a)g/f(x)deM(b—a):>m§ T )/f(:c)deM
a —a)Jq
The central term of the inequality is between two values (m and M) which are taken by the

function. From Darboux property we know that, if f (continuous) reaches two values, it takes
any value between them, that is

3¢ €lab]/ f(&) =

Example. Let f(z) =22 —1, x € [1,3]. Using the Barrow rule (4.3), we obtain the value ¢:

3 3 3
fe)=2—-1= 3—11 (:L’Q—l)dx:%(%—x)zgif J13/3
1

Exercise. If f(x) =2z + 1 and [a,b] = [1, 3], find the intermediate value £ and give a graphic
interpretation of the result.

J1b) Jib)

J

fta) fa)

Figure 2: a) Interm. value theorem. b) Integral function.

4 First fundamental theorem of calculus.

4.1 The integral function

Let f be a function integrable on [a, b]. As we have seen, the net area bounded by the curve and
the z-axis between two points is obtained by calculating the integral of f between those points.
On the other hand, the area between the left endpoint a of the interval and any point x, will be
a function of x. Then we define the integral function

= / f(t)dt
which gives us the value of the net area from the endpoint a to the point x (fig. 2.b).

Continuity. The integral function is continuous on [a, b]. To prove it, let us see that it satisfies
the continuity condition at any point zy of the interval.

= [ stayie= [ e+ [ o= p + [ o
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The second addend is bounded since, from (2.2), we have
mie —a0) < [ @t < M(a = z0), m=int(f), M =sup(f), t € fa.}
zo

If, in addition, x — x(, both bounds tend to 0, so the integral also tends to 0. Then, taking
limits, it turns out

lim F(z) = lim <F(x0) + /; f(t)dt) = F(x0), Vo € |a,b

Tr—xQ Tr—T0

so F(z) is continuous on [a, b].

4.2 Theorem
If f is continuous on [a,b], then F is differentiable on |a,b] and it holds that
F'=f

hence the integral function F' of a continuous function f is a primitive of f.

Proof: To find F'(x), we first obtain AF.

z+h T z+h a z+h
F(z+h)—F(x) = ft)dt — / f(t)dt = ft)dt + / f)dt = f(t)dt
Dividing by h and applying the intermediate value theorem,

F(x+h)—F(x) 1 [*th

h =5 ) Wt =), E€lr.a+h

If we now make h tend to 0, then xz + h will tend to x. Since £ is between z and x + h, it will
also tend to x. But, since f is continuous, if & — x, then f(&) — f(z).

Thus, taking limits, it turns out

tim 2R =)y pe) = f(0) = [Flo) = f@)

h—0 h £

As a consequence of this theorem, every continuous function has a primitive. But this primitive
does not necessarily have to be formed by a finite number of terms: it can be a series of powers,
as we will see in unit IV.

4.3 Corollary. Barrow rule

If f is continuous on [a,b] and g is a primitive of f, then

g/f@Mx=m®—ﬂ®

Proof: Since f is continuous, its integral function F'is its primitive. By hypothesis, ¢ is also
a primitive of f. Then, the difference of both will be a constant, so

F(r) —g(z) = K = F(b) — g(b) = F(a) — g(a) = 0 - g(a)

as F(a) = / f(z)dx = 0. Therefore

FO) = [ $(@)dz = 9(t) - 9(0)
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Example. We find the integral function of f(x) = cosz on [0.27] and calculate the area
bounded by the curve and OX between z; = 7/2 and x5 = 37/2.

F(x) —/ costdt = sint‘g =sinz —sin0 = sinx
0

3z
2 3T

(m)da::sin?)g—sing:—1—1:—2:14

T = 2l=2

2

Wl

Since the cosine is negative between 7/2 and 37 /2, the area is the absolute value of the integral.
We see that the net area between two points is the difference between the values of F'(x) at both

c c b
points. This was to be expected, since / f(z)dz = / f(z)dx — / f(z)dz = F(c) — F(b).
b 0 0

Exercise. If I =[0,7/4], find the integral function and the area between the endpoints:
a) fi(z) =32% (Fi(z) =23 A; =7%/64); b) fo(z) =tanz (Fp(z) = —Incosz, Ay =Inv/2).

5 Second fundamental theorem of Calculus

b
If f is integrable on [a,b] and it exists g such that ¢' = f, then / f(z)dz = g(b) — g(a).

This theorem can be considered a generalization of Barrow’s rule, since it allows us to calculate
the integral of f between a and b as the difference of the values of a primitive g at these points.
But now it is only required that f is integrable and has a primitive, which does not need the
continuity of f (see 1.2). The theorem is proved in a supplementary document (in Spanish).

6 Improper integrals

We have obtained the definite integral of bounded functions on closed intervals (therefore com-
pact). If the interval is not compact or f is not bounded on it, we call these integrals improper
and solve them by taking a limit. That is, we obtain the value of the integral between two
generic endpoints. Then we calculate the limit of the obtained expression when one of these
endpoints tends to infinity or to the point where f would take an infinite value.

Example. Calculate the integral of f(x) = 1/2% a) between 0 and 1; b) between 1 and oco.

1 1
d d 1t 1

a) & otim [ S = lim - :liH(l) (—1—1——) = 400
a a— a

2 2
> d vd L 1
b)/ & —tim [ S =lim——| =lim (—-+1)=1
1 1 b—o0 b

0o a—0 a T a—0 €T
z? b—oo Jq 22 b—oo I
The result of b) can be interpreted geometrically by saying that the mixtilinear triangle deter-
mined by the curve and the z-axis from x = 1 has an infinite perimeter, but a finite area. On
the other hand, in case a) both the area and the perimeter of the figure are infinite.

Exercise 1. If f(z) = 1/y/z, calculate: a) /o f(z)dz (I =2); b) /100 f(z)dz (I =o0).

Exercise 2. Calculate the integral of a) f(z) = € between —oo and 0 (I = 1); b)
g(x) = Inx between 0 and 1 (I = —1). Taking into account that the natural logarithm is
the inverse function of the exponential of x, consider whether the obtained result was expected.
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7 Self-assesment exercises

7.1 True/False exercise

Decide whether the following statements are true or false.

1. A discontinuous function on I = [a,b] can have a primitive on /. The primitive must be
continuous.

2. If f: I — R has a jump discontinuity at a € I, the function does not have a primitive on
I. That is, it does not exist any function F : I - R / F' = f on I.

3. A function is integrable on I = [a, ] if and only if it is continuous.

4. If f and ¢ are integrable on I = [a,b] and f(z) < g(x), Vo € I, then it holds that

/abf(x)dx < /abg(x)dx.

5. If f is continuous on I = [a, b], its integral function F' is primitive of f on I.

6. The Barrow rule can be applied to the floor function.

7.2 Question

We have studied the concept of definite integral for bounded functions on a compact. ;How

must we proceed to study the integral of a function if the interval is not bounded?
0

Apply it to the improper integral / €dr .

— 00

7.3 Solution to the True/False exercise

1. T. A discontinuous function on I = [a, b] can have a primitive on /, as long as there is not
a jump discontinuity (see 1.2. Necessary condition for the existence of a primitive). If the
function has a primitive, this must be derivable, so it will be continuous.

2. T. The derivative of a function can be discontinuous as long as the discontinuity is not a
jump discontinuity. Then, if f has a jump discontinuity, f cannot be the derivative of a
function, so it will not have a primitive (see 1.3).

3. F. If f is continuous, then it is integrable, but not vice versa. For example, the fractional
part function {z} = x — |z is discontinuous at points corresponding to integer values of
x. However, it is integrable between a and b, Va,b € R (see 2.5).

e~

. T. It is stated in paragraph c) of 2.6.

ot

. T. The first fundamental theorem of calculus proves it (see 4.2).

D

. F. The Barrow rule is stated for continuous functions (see 4.3).

7.4 Solution to the question

In this cases we obtain the definite integral on a closed interval, replacing the not bounded
endpoint by a generic value. Then we calculate the limit of the resulting expression when the
endpoint tends to infinity. If a finite limit exists, the improper integral is convergent.

0 0
/ €"dx = lim €dr= lim (€"—€")=1- lim €"=1-0=1
oo m——oo [, m——0o0 m——0o0
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Unit II. Vector functions ososzom

1 Introduction. Types of functions

So far we have been working with real functions (also called real-valued functions) of a real
variable, what means that both the variable x and its image f(x) are real numbers.

fR>R = z— f(z)

In this unit we will study vector functions (also called vector-valued functions) of a vector

—

variable, in which both the variable Z and its image f(Z) are vectors.

) ) 1 ) fi(zy...xy)
fR" = R" = Z— f(Z), beingZ=< 1 », f(Z)=
Ty fn(z1 .. )
Before studying the general case, we will see two particular cases (the second one in detail):

a) Vector functions of a real variable.

f:R—R™ Example: 7#(t) = { y(t) p (Position vector)

b) Real functions of a vector variable (commonly known as multivariable functions).
f:R" - R. Example: T(r) =T(x,y,z) (function temperature)

Remark. A vector can be denoted both in bold (v) and with an arrow (). Likewise, its
expanded expression can be written as a row or as a column. It is usually easier to write it as a

—

row and clearer as a column, for example when developing the expression for f(Z). Sometimes
it will be convenient to write it as a column, for example when premultiplying it by a matrix.

2 Euclidean space

In this section we review some concepts of Algebra that will be used in the unit. Let R? be the
set of groupings of p real numbers

R = {(z1,...,2,) /2, €R;i=1,2...p}

It can be shown that RP is a vector space over R. We define three applications.

2.1 Ordinary scalar product

It is an application of R? x R? — R, which associates a real number to each pair of vectors
Z,y € RP.
f:(l‘l,...,l‘p) L. L
5 :>$'y:$1.yl+"'+$pyp:zxiyi
=1, Y) i=1
Properties.
a) Positivity: #-#>0,VZ#0; 0-0=0.
b) Conmutativity: -y =1y, VZ,§ € RP.
c) Distributivity (- /+): & (e + f2) = a(Z - §) + B(Z - 2), VZ,y,Z € RP; Vo, B € R.

A vector space endowed with the ordinary scalar product is an Euclidean space
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2.2 Euclidean norm

It is an application of R? — R* U {0}, which associates a positive or null real number to each
vector ¥ € RP. This number is also called the modulus or length of the vector.

17l = VE-7 = /@) + o+ (@)

Properties.
a) Positivity: ||Z| >0, ¥Z #0; ||0]| = 0.
b) Product by a escalar: ||AZ]| = |A|||Z]|, V& € RP, VA € R.

c¢) Triangular inequality: ||Z+ ¢ < ||Z]| + ||v]|, VZ, v € RP.
) g quality g g, vz,

2.3 Euclidean distance

It is an application of R? x R? — R* U {0}, which associates a positive or null real number to
each pair of vectors 7,y € RP.

A&, 9) = 1 = G = /(@1 — 9% + - + (2, — 1)?
Properties.
a) Positivity: d(Z,7) > 0, V¥ # v; d(Z,Z) = 0.
b) Simmetry: d(Z,9) = d(¥, ), VZ,§ € RP.

c) Triangular inequality: d(Z,2) < d(¥,v) + d(y, 2), VZ, 9, 7 € RP.

3 Vector functions of a real variable

These functions are vectors of m components, each of them depending on a single variable,
defined on a domain D. The generic point a € D, used to define the limit of f when z — a,
must have points of D as close as desired, then it must be of accumulation of D.

F:DR™ DCR, acDND
f b b

Let us see that a vector has a limit if and only if each of its m components has a limit.

Proof. Let Z(t) = (21(t),...,2m(t)) and let @ = (a1,...,an,). We say that Z has a limit @
(when t — tg), if ||Z — d@|| can be made as small as we want (for ¢ close enough to ty); that is, if

|7 —d|| <e, Ve>0

On the other hand, each component x;(¢) has a limit a; (when t — t), if |x; — a;| can also be
made as small as we want (for ¢ sufficiently close to t¢); that is, if

|fL’j—CL]‘|<8,\V/€>O, 7=12....m

We study the relation between ||Z — @] and |z; — a;].

V (1 —a1)? = |71 — ay
V (T — am)? = |Tm — A

|7 = @l = /(o1 = )P+ F (o — ) 2
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That is

1) If || —d]|| < e then |z; —aj| <e

|’f_a|’2’xj_a]‘7 j:1727"'7m
If t — ty, then it turns out that
€ - e\’
2) If |z; — a;| < —=, then |7 — d]| = = a;)? < (—) =€
vm — vm

Therefore, vector # has a limit @ = {a;},_, , if and only if each component z; has a limit a;.

This result allows us to reduce the study of the limit of a vector function to that of the limits of
its components. Furthermore, the conditions of continuity and differentiability are expressed in
limit form, so a vector function will satisfy these conditions if and only if each of its
components does it.

3.1 Limit

—

We say that a function f has a limit ¢ at « = a if, for values of z sufficiently close to a, f(z) is
as close as we want to .

lim f(z) = Fl<=|¥e>036>0/0< |z —a| <6 = ||f(z) —F|| <¢

T—ra

As we have just seen, this limit exists if the limit of each component exists, then the limit of the
vector function f is a vector whose components are the limits of the components of f.

—

lim f(x) = {hin fj(a:)} it

Tr—ra

3.2 Continuity

The continuity condition in limit form says that f is continuous at a if its limit when z — a
coincides with f(a). But this is equivalent to say that the limit of each component of f is the

—

corresponding component of f(a), what means that each component must be continuous at a.

— —

fcontinuous ata| <= lim f(x) = f(a) <= lim f;(x) = f;(a) j=1,..m <= | f; continuous at a
xr—a

r—a

3.3 Differentiability

Let a be an interior point of the domain D of f Each of the m components f; of f is a real
function of a real variable, so its differentiability condition at a is

: df; .
fi(@) = fi(a) = lg; + iz = @))(z —a) (being g; = “I(a) and lim &;(z — a) = 0)
The differentiability condition of f at a is obtained by composing the conditions for the m
components, that is, writing the condition for 7 = 1,2,...,m and grouping the different terms
fjas f, g; as g, etc. It results

fl@) = fla) = [§+ &z — a))(z — a) (lim F(r—a) = 6)

r—a

Vector ¢ is the derivative of f The differential of f is the product of g by the differential of x.

dx dxz

df = df.
g= —f(a) pldf =gde)y {gi}io .= {—f]}
=1,....m

=1,...
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Example. Let the position vector be 7(t) = {t,2t% 3t3}. We are going to obtain its limit and
check the continuity at t = 1; we will calculate its first two derivatives and its differential.

a) 11r111 r(t) ={1,2,3} = 7(1). All components, and therefore 7(t), are continuous functions.
—

b) 0(t) = % = {1,4¢,9t*}; d(t) = % ={0,4,18t}; dr = {dt,4tdt,9t*dt}.

Exercise. Do the same with #(¢) = {v/1,2/t,sin3t}.

4 Real functions of a vector variable

We now study real functions whose variable is a vector of n components, so the domain is a
subset of R". As in 3, @ € D must be an accumulation point of D.

f:D—-R, DCR" a€DND

4.1 Limit.
a Limit of a function (functional limit).

We say that a function f has a limit ¢ at & = a if, for values of Z sufficiently close to @, f(Z) is
as close to ¢ as we want.

lim f(Z) = p|<=|Ve>036>0/0< ||T—d|| <d=|f(Z) —¢|<e

b Directional limit.

Since the set of variables has dimension n > 1, we can approach the point @ through different
subsets, that is, giving values to & only on these subsets. The simplest subsets are any of the
lines that pass through @, which we determine by means of its unit vector &, that is

E={FeR"/F=d+)\d,\eR, |7 =1}

Then the directional limit of f at @, along the direction given by & is

—_

im_ f(Z) = lim f(d+)\J)

Z¥—d, ek

To calculate it, we write Z as @ + A& and find the limit of f as A — 0.

=2 o (Xé) 2 @b+ A (Wxwy) |
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Example. We study the directional limit at the origin of the function

, T+y#0
fla,y)=q*TY
0, r+y=0

A generic point (z,y), written as a function of the unit vector (w,,w,) and the point (a,b) =
(0,0), takes the form

=0+ M, = dw,

, = ’b —|— )\ s et
(0,1) = 0.6) + Mooz ) {y T
with what

)\w sz wl‘

L= lim 7@+ 28) =l f O, Ay = i S = I e 1)~ o +

We see that the limit L depends on the direction. We obtain it for different cases:

- Axis OX: &= (1,00= L=1.

- Axis OY: &= (0,1) = L =0.

- Liney=2 w, =w, = L=1/2.
Exercise. In the example above, the limit at the origin along the y—axis is equal to 0. Is there
any other direction in which it is null? In which direction is the limit at (0,0) equal to L = —17

¢ Relation between the functional limit and the directional limits.

If the functional limit condition holds, then it must hold when we approach the point by any
particular subset. Hence:

- If there is a functional limit, all the directional limits exist and coincide.
- If the directional limits do not exist or do not coincide, there is no functional limit.

- If the directionals exist and coincide, the functional limit may exist. If it exists, it will
take that value.

d Finding the functional limit in two variables.

As we see, in certain cases we can ensure that the functional limit does not exist; in others that,
if it exists, it takes a certain value, which does not assure us its existence.

In the case of two variables we can prove the existence using polar coordinates with the pole at
the point @ = (a,b). Since in the limit condition we make & to be as close to @ as we want, we
impose the condition that p — 0, for any value of the angle # and study the limit of the function
(p,0). That is, we write
xr—a=pcosf, y—b=psind

and we calculate

lim f(a 4 pcosf,b+ psinb)

p—0

If this limit exists V6, we have proved that there is a limit when approaching the point along
any path, so the function has a limit at (a,b).
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Example. We study at the origin the directional and functional limits of

3

o) = Lz @) #0.0)

0, (ZB,y) = (O’O)

- Directional limits. Since (a,b) = (0,0), (z,y) = (Aw, Aw,) and

lim fOwn ) = Tim 2 AW
/\li%f( s Awy) = x50 A (2w2 + W) 00 14+w?

All the directional limits are 0, so there may be a (null) functional limit.
- Functional limit. Let £ =0+ pcosf, y =0+ psinf. We have, V0
p®sin® 0 . psin®é

lim r,y) = lim cosf, psinf) = lim =lim——— =
(z,9)—+(0,0) f@y) p—0 /e P ) p=0 p?(2cos® § +sin®f)  p=0 1+ cos® 0

Other examples can be seen in the supplementary documents.

Exercise. Check that the directional and functional limits of function ¢ at (0,0) are null.

l’2y
g(x,y) = ¢ 22 + 3y*’

4.2 Continuity

We say that f is continuous at & = @ if its limit when ¥ — @ coincides with f(a@), that is

f is continuous at @ <= lim f(Z) = f(a)

r—a

4.3 Directional and partial derivatives

A first step to study the differentiability condition of a function is to analyze the concepts of
directional and partial derivatives at an interior point of the domain, a € D.

a Directional derivative.

As in (b), we will approach the point @ along one of the lines passing through @, which gives
rise to the concept of a directional derivative. We write & as

F=a+X3, \eR, | =1

Thus, if A — 0 then ¥ — a along the direction given by &. The derivative of f at a, along the
direction given by ¢, will be the limit of the quotient of the increment of f divided by A:

Do @) =ty 1T+~ @

The difference Z — @ is equal to A\dJ, whose modulus is |A|. If A > 0, then & is, with respect to @,
in the direction of @. If A < 0, it is on the opposite direction. That is, we approach the point
a along a line, from the two possible sides, as in the one-sided derivatives of functions of one
variable. But now there are infinite directions determined by &.

Notice that A is the distance between 7 and @ with a sign (positive if Z is in the direction of &
and negative otherwise).
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Example. We obtain the directional derivative at (0,0) of
i T

rop = |5 £ 00)
0, (x,y) = (0,0)
Since @ = (0,0), @ + A& = (Aws, Awy). And, knowing that w? + w? = 1, the D f(a) is
_ FOwe Awy) — £(0,0) - Dwe)® + (wy)? 1 N Fw)l
. A =\ 0w+ Oy~ ) 3 T R )y T

Remark. The directional derivative depends in general on the approaching direction to the
point, unlike the directional limit of continuous functions, which does not depend.

Exercise. Find the directional derivative at (0,0) of functions

_3 —y’ % sin 2sin
0 fey = { e @00y [EEEEES G0
0, (x,y) = (070) 0, (x,y) — (0’0)

Solution. a) D;f(0,0) = 2w’ —w3; b) Dgg(0,0) = wiw, + wiw, .

b Partial derivative

If we take as & any vector of the canonical base, we are approaching a from ¥ modifying only
one variable. This particular case of directional derivative is called partial derivative. In two or
three dimensions, this means approaching the point @ along the direction of one of the axes.

In the general case, the possible vectors and corresponding modified variables are:

1=1(1,0,0...0,0) = we modify z;

@
Wy = (0,1,0...0,0) = we modify x5

2
Wi =(0,...1...,0) = we modify z;

W =1(0,0,0...0,1) = we modify x,
so the partial derivative with respect to variable x; is expressed as

oo fla e+ A an) = flar,oan) O Of

(@)

0
If
8;@

to z; on D. It is also denoted f;,

exists for all Z of the domain, it is called the partial derivative function of f with respect

In practice, if a function is given by a single expression on all its domain, we can obtain the
partial derivative with respect to variable x; by deriving with respect to x; and considering
constant the other variables.

ou ou ou
Example. Let u = x%y23. Its partial derivatives are: — = 2zy23, — = 2223, — = 32%y22
ox oy 0z

Exercise. Find the partial derivatives at P(—1, 1) of functions

a) % (Sol: (2,1)); b) xarctany <Sol: (m/4, —1/2)); c) Y g (Sol: (—2/¢€, 0))

X
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4.4 Differential

In real functions of one variable, we require as the differentiability condition that the increment
of the function is well approximated by a linear function (the differential), which is the product
of the derivative of the function by the increment (or differential) of the variable.

In functions of n variables we proceed in a similar way. We will see that the derivative with
respect to the vector variable is a vector of n components and the differential (the product of
this vector by the increment of the variable) is obtained as a scalar product.

Let @ be an interior point of the domain D. We say that f is differentiable at ¥ = @ if and only
if the following condition is satisfied

F@) - f@)=[g+E(F—a)- (& —a)
If f is differentiable, the vector ¢ is called the total derivative of f or gradient vector. And the

differential of f is the (scalar) product of the derivative of the function by the differential of the
variable.

; df =g-dx

r=a

9:%

Before calculating the components of the total derivative, we will obtain the derivative of a
differentiable function along a certain direction.

Directional derivative of a differentiable function. We replace in the formula of the
directional derivative the increment of f by the expression of this increment in the differentiability
condition (taking into account that ¥ — @ = Aw). It results
o Sl ) - f@) L [FHEAG)] (XD
Per@=m=——— ~m—x 9
expression that tells us that the derivative of a differentiable function along a certain direction
is given by the scalar product of the gradient and the unit vector of the direction.

Components of the total derivative. To obtain each of them, we calculate the directional
derivative with respect to the corresponding vector &J; of the canonical base (that is, the partial
derivative with respect to x;). We get

of Lo

Oz :Ddizf:ngz (gla"'agiw"agn)'(0707"'717"'7()) =i

(2

we see that each component g¢; is the partial derivative of f with respect to the variable x;, so
the total derivative of a differentiable function is formed by the n partial derivatives

A (of of  of
9= a2 = \ bz, 0ny’ " O,

from which we get the differential of f

_soap— (2L 9f _9f of
df =qg-dx = (8x1"“’8xn> (dxl,...,dxn) = 8x1dx1+ —i—&xnd:vn

Example. We calculate the differential of the function u(z,y, z) = x?yz* at P(1,1,1).

du = @dx + @dy + @dz = 2uy2de + 2?23 dy + 32y2Pdz L 2dz + dy + 3d=
Ox y 0z

Exercise. Find the differential of the following three variable functions at P(1, 1, ).

d
a) f =sinzyz (dfp = —wde —ndy — dz); b) g =+/ryz <dgp = gdz + gdy - 2\;%)
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4.5 Gradient and contour lines. Geometric interpretation

An important feature of the gradient vector § (usually denoted as v f) is that it indicates the
direction along which the value of the function increases at a fastest rate. That is, it tells us
how to modify the variables so that f grows as fast as possible.

Proof (for 2 or 3 variables). The scalar product of two vectors « and ¥ is the product of
their modules (norms) and the cosine of the angle they form. Since the derivative of f along the
direction of & is the scalar product of the gradient by &, it turns out

Daf =Vf-@=|VI|&lcose = [V [l cose

This product will be maximum if the cosine is equal to 1, which corresponds to an angle ¢ =0
between Vf and & (& parallel to V f). The product will be zero if ¢ = m/2. Therefore, the
variation of f is maximum along the direction of V f; and is null in the perpendicular direction.

Example in 2 variables. Consider the function f(z,y) = 2 + y?, whose graphic representa-
tion is a paraboloid with the vertex at the origin. Let P = (1,1). The gradient vector is

Vi=(flf) = (22,2y) = (2,2)

This means that, when modifying the variables (x, y) —from their values at P— along the direction
of the vector (2,2), the increase in the value of f is maximum. Indeed, when moving in that
direction, the corresponding point on the surface goes up the line of maximum slope.

On the contrary, if we move in the direction perpendicular to v f at each point, we follow a
curve in which the function does not vary, that is, it takes the same value as at P(1,1). Its
equation will be f(z,y) = f(1,1), i.e. the circumference 2> + y? = 12 4+ 12 = 2. We have thus
obtained a contour line (locus of points where f is constant).

Thus the gradient of f at P is perpendicular to the contour line of f that passes through P.

Geometric interpretation of the differential (functions of 2 variables). In functions
of one variable, we interpreted geometrically the differential as the increase in the ordinate of
the tangent line to the curve when the variable increases x — a (see figure).

The equation of the tangent line to the curve y = f(x) is

y=fla)+ f(a)(z = a) <y — f(a) = ['(a)(z — a) = df (a)

In two variables the interpretation is analogous: the differential represents the increment of the
vertical coordinate of the tangent plane to the surface z = f(x,y) when going from P(a,b) to
P'(a+ dx,b+ dy). The equation of the plane tangent to the surface z = f(z,y) is

2= fla,b)+fo(a,b)(x—a)+ f;(a, b) (y=b) & z—f(a,b) = fi(a,b)(x—a)+f,(a,b)(y—b) = df (a,b)
J)

(2) =o(x-a)

(1) = dffw)
fia) -

a X
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4.6 Differentiability theorems

Consider a function f: D — R, D C R". Let @ be an interior point of the domain, @ € D. The
following theorems are very useful in the study of multivariable functions.

a Sufficient condition of differentiability

If f has partial derivatives on a neighborhood of d and they are continuous at d, then f is
differentiable at @ (if the partial derivatives of f are continuous we say that f € C!).

Remark. This condition is sufficient, but not necessary. In fact, we can require even fewer
conditions to ensure the differentiability of f. Indeed, it can be proved that, if the n partial
derivatives exist on a neighborhood of @ and n — 1 of them are continuous at @, then f is
differentiable at a.

b Necessary condition of differentiability

If f is differentiable at @, its directional derivatives at a exist and take the value

— - - . N df
Dsf(@) =g-d|being g = PE

Directional derivatives depend in general on the direction, unlike directional limits of continuous
functions. However, it can be proved that, if a differentiable function reaches an extremum at a
point @, interior of the domain, the directional derivatives of f at d are zero.

This condition is necessary but not sufficient. Since there is more than one variable, there are
other ways of approaching a point, in addition to the lines that pass through it. Thus the
existence of directional derivatives does not imply differentiability.

¢ Relation between differentiability and continuity

If f is differentiable at a point, it is continuous at that point, but not vice versa.

Indeed, taking limits on the differentiability condition,

1@ = 1(@) = G+ 87 @) (7 - @) = [Tm /(7) = /@)

The existence of directional derivatives, which does not ensure differentiability, does not ensure
continuity either. If f admits derivative in one direction, the limit of f at @ will coincide with
f(@) only in that direction.

Example. We will apply the previous theorems to three functions, obtaining their partial
derivatives in different ways. Let the functions be fi, fs and f3:

= -4y

Ty LY
fl _ ZE2 + y2; f2 2 2 (SL’,y) 7& (070) : f3 _ {J/’Q +y2 (l',y) 7& (07 O)

We will see that:

1. f; satisfies the sufficient condition of differentiability at @ (1,1). Hence it is differentiable
at @ and satisfies the necessary condition of differentiability at that point.

2. fo has directional derivatives at the origin, but it is not differentiable at that point, since
it does not fulfill at it the necessary condition of differentiability.

3. f3 has partial derivatives at the origin, although it is not continuous at that point.
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Solution.

1. f1 = 2® +y?. Since it is defined on all R?, we obtain its partial derivatives directly:

o
ox

dh

X, ay

2y

The partial derivatives are continuous (sufficient condition), so f; is differentiable (we
already knew it, since f; is a polynomial). Its gradient at @ is equal to V fi(1,1) = (2, 2).

We obtain the directional derivative at .

(14 Awg)? + (1 + dwy)? —

2

o iy G A — (@)
Pahil@) = ) R )

noticing that the necessary condition of differentiability is satisfied.

Wy

= 2wy + 2wy

Dgfl(a) = 2(,033 + wa = (2, 2) {w } = 6]”1(5) - W
y
z?y
) m= @y £, Lo _—
2. fo=Qx2+y We study its directional derivative at (0, 0).
0 (z,y) = (0,0)
o foQwe, Awy) — £2(0,0) )\3w§wy I,
Dy f2(0,0) = lim 3 = lim N2+l 0] = wawy
from where we get the partial derivatives

9fa Ofs

- =D 0,00=0, =D 0,0) =0

5 (1,0)/2(0,0) =0, 9 (0,1)/2(0,0)

and we see that fs is not differentiable at (0, 0), since the necessary condition is not satisfied:
Dafu(0.0) =i, # (0.0) {7} = 950.0) 5
y
Ty
z,y) # (0,0
3. fs=1Q T+ y? @y) # (0.0 . We calculate its directional derivative at (0,0)
0 (z,y) = (0,0)
A T A - )

A—0 A A0 \ \2 (wi + wi)

)\21 1 z
-4m<_¢£ﬁ__0__nmww

A A=0 A

limit that does not exist in general (unless one of the factors w,,w, is null).

We obtain the partial derivatives at (0,0) by using the unit vectors (1,0) and (0, 1):

0fs . f3(h0) = £3(0,0) h0 I
Bz (00 = i 2 A VER B

Ofs o
a—y(o,())_---_o

So f3 has partial derivatives at (0,0), but it can be verified that it has no limit at (0, 0),

so it 1s not continuous.

We have seen then three methods to obtain the partial derivatives: 1) deriving the
expression of the function, 2) as a particular case of the directional derivatives and 3) from the

unit vectors of the axes.

Exercise. Apply what we have seen in the above example to
2
x x
fi=2*+y% fo= IQ—‘fy‘yQ (:c,y)#(0,0)' fs= z* +yy4
0 (z,y) = (0,0) 0
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d Necessary and sufficient condition of differentiability

The previous theorems help us to recognize differentiable functions (section a) or to be sure
that they are not so (sections b and ¢ ). But there are continuous functions that do not
verify the sufficient condition of differentiability but do verify the necessary one, so we need
another condition. To do this we are going to modify the expression used in the definition of a
differentiable function, writing it in the form of a limit.

Consider a function f: D — R, D C R". Let @ € D. We say that f is differentiable at a if it
holds:

f@)—f@=I[g+a- - (T—-a
We operate the scalar product of the second member, remembering that the product of ¢ (deriva-

tive of f) by the increment of the variable is the differential of f. And that the product of £ and
(¥ — @) is an infinitesimal of higher order than (# — @). Then,

f(@) = f@)=g-(F—a)+ & (¥ —a) =df(@) + o(T — a@)
from where
f(@) = f(@) = df (@) = o(¥ — @)
Since the term on the left is o(Z — @), it must hold
lim

f(@) = f(a) — df (@)

r—a Hf— JH

=0

Function of two variables. In this case we use the following notation (by f;, f, we indicate
their values at @):

o 5 o 8} o) o )

And the (necessary and sufficient) condition of differentiability of f in @ results in:

bt~ [ ) -k
(hk)(0,0) N B

ot — gt
Example. We study the differentiability at (0,0) of f(x,y) =< 22+ y
0, (z,y) = (0,0)

The partial derivatives at the origin are:

[ — i _ = . / — — e —

= R T AV A N - ’
ht— K

Since f, f, and f; are null at (0,0), the condition takes the form: lim ————> =0,

(h,k)—(0,0) (h2 + k2)3/2
that we solve using polar coordinates (see d):
4 4 -4 4
cos”  —sin” 0
lim —£ ( - )3/2 = lim p_3 ((:os4 6 — sin® 9) =0
p=0 [pQ (C082 0 + sin® 9)}

hence f is differentiable at the origin.
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5 Vector functions of a vector variable

We will now study the general case of vector functions of a vector variable, defining limit,
continuity and differentiability. This will allow us to define the composite function and analyze
its continuity and differentiability. We will then return to real functions of a vector variable to
study the higher order derivatives, the Taylor expansion and the extrema of functions.

Consider a function f: D — R™, D CR". Let d € D'ND. As already mentioned (section 1),

—

the variable Z and the function f(Z) take the form

x1 fl(zlxn)

8y
I
pudl
=
Il

5.1 Limit

From what was seen in 3.1, it follows that in this type of function there is a limit if and only if
it exists for each of the components, in which case

lim f,(7) lim fy (2 ... )
. r—a r—a
lim f(Z) = : = :
Tr—a
lim f,,(Z) lim f, (21 ... 2p)
r—a r—a

5.2 Continuity

Taking into account the above, the condition of continuity at the point @, in the form of a limit,
is expressed as

— — —

f is continuous at @ <= lim f(7) = f(d) <= lm f;(Z) = f;(@), j=1,...m
r—a
Then f is continuous at @ if and only if each of its m components is continuous.

5.3 Differentiability

As in the case of the limit, from 3.3 we conclude that these functions are differentiable if and
only if each component satisfies the differentiability condition, that is
. . . — — — dfj s — — — .
[ is differentiable at @ <= f;(%) — f;(@) = Fr +&(@—a)|-(¥—a), j=1,...m
x
Grouping the m conditions, we obtain the differentiability condition at @ for vector functions of
a vector variable:

—

F@) = F(@) = [Goen + Enn(@ = @)] (7 — )

where
dfl % afl
Gmxn = : = : :
dfm Ofm O fm
dx ox, Oz,

is the Jacobian matrix, whose rows are the total derivatives of the components of f Matrix
Emxn (¥ — @) approaches the null matrix as ¥ — d.
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If f is differentiable, its differential is obtained by multiplying the Jacobian matrix times the
vector di, resulting

ofi 0fi dfi dfi
) dfl a—xl Ce a_];n dl’l a—xldl'l‘i‘ .. +axnd$n
df =4 1 b= ¢ z = z s

If the n partial derivatives of each component f; of function f are continuous, f; will be differ-
entiable. Thus a sufficient condition of differentiability for f is that its m x n partial derivatives
are continuous.

Example. We define a function f: R3 — R3, whose components are
u=filz,y,2) =2 +ay+1; v=folr,y,2) = +y% w=fy(r,y,2) =y +2°

We find the Jacobian matrix at P(1,1,1). Using simplified notation,

X Y < 2x + 0 3 10
J_d(uavaw>_ 81} 8?] (9?) _ xl Y Qx 0 L 1 2 0
S dleyz) [0 Oy 0z 0 1y2 o1 2
ow Jw Jdw o
Jdr 0Oy 0z

Since all nine partial derivatives are continuous, f is differentiable. Its differential is

B 310 dz 3dx + dy
dfp=11 2 0 dy » = < dr + 2dy
01 2 dz dy + 2dz

6 Composition of functions

6.1 Composite function. Continuity and differentiability

Given the sets R™ R™ R", we consider the functions f : D, — R and g : D, — R"*, being
D, C R" and D, C R"™ their domains.

If f(D,) C D,, we define the composite function (g’o f) (%) = g(f(f)) = ¢(Z). It holds that:
a) “If f is continuous at @ € D, and § is continuous at i = f(@) € D,, the composite function
go [ is continuous at ¥ = a’.

b) “]ff is differentiable at @ € D, and g is differentiable at y = f(d) € D,, the composite

—

function go f is differentiable at ¥ =a ”.

Proof of differentiability: We start from the differentiability conditions of f and g at ¥ =a
and ¢y = b respectively (with the notation M we symbolize the matrix M):

(@ - fla) = d—f + &7 — a)] (Z—a), being imé&, = Q (1)
dr| =~ i—sa ~

Lo | dd I o

gy) —gb) = a0 +&,(y—0b)| (y—0b), being lim &, = Q (2)
| W=t~ b ~
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— —

Replacing 7 and b by f (¥) and f(a@) respectively in condition (2), we obtain

mcm—a7@=[%

+a4ﬂ@—1®ﬂ(ﬂa—7m)

y=fa

Now we give the factor ( (@) — f(c‘i)) its value in (1) and operate, It results a product of

brackets, in which we omit the dependencies of ez and €5 for simplicity:

sy 7 — o dg’ df ) .
_ dg T4 el
§(7@) - d(fla) [dg +~] [df =
dg df dg df o
[dgﬁ:‘f ., ajl, e Ve az|  TEE| 0

When Z — @, f(Z) — f(@) by continuity. Then the addends 2nd, 3rd and 4th of the bracket
tend to the null matrix, so they are expressions of the form £(Z — @).

The first addend represents the derivative of the composite function, formed by the product of
the (Jacobian) derivatives of ¢ with respect to i and of f with respect to Z. If go f qb we
get the differentiability condition of gb

T e ) BN
o(T) — ¢(a) = [d_* +E(7 - a)] (7 —a),
-
being the derivative of the composite function at ¥ = a,
do| _dj| df
dr ﬁ_q_ dy|;z AT |,

If the above is true V& € D,, the composite function is differentiable on D,.

6.2 Derivative of the composite function. Chain rule

We have seen that the derivative of the composite function gg =go f is a matrix obtained as
the product of two: the derivative of ¢ with respect to i/ and the derivative of f with respect to
Z. That is, the Jacobian of the composite function is the product of the Jacobians of
the functions.

961 Ok 9o Og\ (0K Of
0 ISRl U IS
T N 6w | | ot ||0f 0%
0r, 0x,, oy OYn, 01 0xy,

We now develop the product of matrices. We observe that the element (i, k) of the first matrix
(derivative of ¢; with respect to zy) is obtained by multiplying the i-th row of the second by the
k—th column of the third, that is:

9¢i _ 09 0fr n 9g; 0f2 n dg; Ofn, Z dg; 0f;
Ory Oy Omy,  Oyo Oxy,  Oyp, Oxy, dy;j Oy,

which we can interpret by saying that the derivative of ¢; with respect to xy is the sum of the
derivatives obtained through all the functions f; that relate g; with x.
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Example 1. Consider the functions f : R —s R3; §: R3 —s R2. From them we define the
composite function

We have:

U1 fl(xl, il‘2)
G- (o e = - {000)
Y Y3 f3(w1, 22) ’

The derivatives of the functions ¢1, o with respect to the variables x;, o are:

901 _ 09 0fi 09 0f2 091 0fy

(91'1 8y1 3x1 8y2 81'1 6y3 (9.1'1

% 891 67]'?1 L 99 o1 8f2 L 99 dg1 8f3

01’2 ayl 81‘2 8y2 8:62 @yg 01’2

% 892 afl 1 992 0o af2 4 992 dga 8f3

8x1 8y1 61’1 8y2 8x1 (‘3y3 8x1

% a92 afl 1 992 dga afz 4 992 Jga af3

8@ 83]1 8:62 ayg 8x2 3@/3 8@

These expressions are greatly simplified by using the name of the variables to represent the
functions, that is, replacing ¢; and g; by z;; and f; by y;. It results:

0z B 0z 8y1 0z 8y2 0z 8y3
8_$1 B 891 3$1 "o ys 3901 e 0y a951
% _ 321 a?Jl L %= 0z 8y2 L2 0z 8y3
0z ayl (93(:2 o (9x2 dys3 8x2
% _ 822 8y1 ) 029 8y2 L 9= 079 8y3
o0xq 83/1 8901 01 8951 0ys3 81;1
029 _ 029 8y1 ) 029 8y2 L 92 029 ay3

0_:E2 Oyl 8272 ayg 0232 8y3 81‘2

It should be remembered that those who depend on the variables are the functions: the function
gi, on y;; and the functions ¢;, f;, on z;. And that one variable can depend on another through
different functions, which we must specify. Therefore, this notation is simpler but less rigorous.

Example 2. Let the function z = f(x,y) = 2* — 3y, being z = u —v; y = 2u + v%
We find the derivatives of z with respect to u and v.

0z 0z0x 020y B _
%_%%+8_y8__2x 1+(-3)2=2u—-v)—6=2u—2v—06
0z 826$+828y
v Oz ov dy Ov

It is easy to check that we get the same result by writing z as a function of v and v

20 (—1)+ (-3)2v = —2(u —v) — 6v = —2u — 4v
z = ¢(u,v) = 2% — 3y‘zz;:iv2 = u? — 20% — 2uv — 6u

and finding its partial derivatives.

Remark. An example of applying the chain rule can be seen in the supplementary document
“Jacobian of the inverse function”.

Exercise. Do the same operations as in example 2, being z = xy+y>, = 2u+1 and y = u?—v.
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Particular case. There are functions that depend on several variables, one of which, in turn,
is a function of one of the others. For example:

z = g(z,v), being v = f(z,y)
where z depends on z directly (through g) and also indirectly (through f).
To obtain the derivative of the composite function with respect to x, we proceed as follows:

0¢p dg Og 0f
2= 9(0,0)] ey = BEy) = oo = 2o+ oo

That is, we derive with respect to x the terms that depend directly on that variable and we take
into account the “intermediate” function f for those that depend on z through v.

Example. Let z = 2?2 + 03, being v = sin(4x + y?).
z = ¢(x,y) = 2° +sin’ (4o + y*) = ¢/, = 22 + 3sin®*(4x + y?) cos(4z + y°) 4
The derivative with respect to y is

¢, = 3sin®(4x + y*) cos(4x 4 y*) 2y = 6y sin®(4z + ) cos(4z + )

Exercise 1. Derive with respect to z and to y the function z = tan z+v?, being v = cos(z+2y).

Solution. ¢, =1+ tan®z — sin(2z + 4y); ¢, = —2sin(2z + 4y).

Exercise 2. Derive with respect to z and to y the function z = x€?, being v = xy>.
s I pxy? 2 pay?. /o 2 xy?
Solution. ¢, = €™ +xy“ €™ ¢, =2z yev.

7 Higher-order derivatives

7.1 Definition

Next we study the higher-order derivatives of real functions of a vector variable.

Let f be a real function of n variables x1, zs, ... x,, defined on a neighborhood of the point a.
f:D—-R DCR" aeUz;CD

If f is differentiable with respect to the variable x; on Uz, on that neighborhood there will exist

the function partial derivative of f with respect to x;, which we denote ?Tf or f..

If function Tf is differentiable with respect to the variable z; at the point @, at that point there

will exist the second partial derivative of f with respect to z; and z;, that is
| o (0f B 0 f
al'j 81‘2 —a N @xl al'j

And if this second partial derivative exists for all & of the domain, we have obtained the second
partial derivative function of f with respect to x; and z;

0% f
8:102- 83:j

Repeating this process, we can obtain the partial derivatives of f, of any order.

- =
Tr=a

"
= fxixj

In the case of two variables we have the following four second derivatives:
o f *f *f 0*f

I 2/ . CT
Ox? Jow Oxdy OyOox Jue oy? T

= fay’
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7.2 Cross partial derivatives

In functions of several variables we can derive with respect to the same variables in different
order. A particular case in functions of two variables are the second cross derivatives, that is,
the second derivatives with respect to x and y, in the two possible orders (f;, and f;).

In the derivable functions that we commonly use, we observe that the derivation order does not
seem to matter. For example:

fla,y) = 2%y = f;,y = ;’x = 10xy*

and the same happens with g(z,y) = € or h(x,y) = zsiny?.

However, if we consider the function

xy°
fay) = Zrg @700

0 (x,y) = (0,0)
we observe that, outside the origin, it is verified (check it, as an exercise)
f// . f// - yG + 6y4$2 - 3y2$4
zy — Jyz (1‘2 + y2)3

but f7,(0,0) =1, f,.(0,0) = 0. Therefore the cross derivatives do not always coincide.

Remark. The second derivatives of the previous case have been obtained as follows:

1. We obtain f; and f; outside the origin, differentiating. And their values at (0,0), by the
definition.

2. We calculate the second derivatives at the origin by the definition, based on what has been

obtained above:
() ( é Z )
(0,0) Y

The following theorems establish sufficient conditions for this to occur.

of of

k—0 k

0 f
0x0y

(0,0)

Theorem. Let f be defined on Uz C R™. If the partial derivatives of order k at @ are continu-
ous, their value does not depend on the order of derivation. For example, if n = 2 and f € C3,
then

Bf O3 f Bf Bf B3f Bf

oxdy?  Oydxdy  Oy20x’ 0x20y  Oxdydx  Oydx?

Remark. If the k-th partial derivatives of f are continuous, then we say f € C*.

Schwarz theorem. Let f defined on Uz C R?. If the following derivatives exist on Uy
or of O
ox’ Oy’ Oxdy
2
0yox
>*f *r
(@)
0xdy 0yox

Notice that Schwarz’s theorem is not a simple particular case of the above for n = 2, but it
requires fewer conditions.

exists at d and:

and the second derivative is continuous at @, then

(@) =
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7.3 Higher-order differentials

We know that the differential is a linear function that accurately approximates Af from the
value of f at d, if we are close enough to the point. As we saw in 4.4, the differential of f is
obtained as a linear combination of the differentials of the variables, the coefficients being the
corresponding partial derivatives:

of of of Xn: of

OF oy Y 1 d
9, LT g, M gy B oz,

df = dx;

If we change the point, df varies, since -in general- the partial derivatives of f depend on the
point considered. This means that we can consider df a function and calculate its differential,
that is, the second differential of f:

d(df) = &

Repeating the process we can obtain the higher-order differentials. This will help us to better
approximate the increment of a function in the surroundings of a point, as well as to simplify
some expressions, for example in the Taylor series expansion of a function.

Differential of order p of a function of two variables. Let f(x,y) a differentiable function.
Its differential is
of of

d_ d Lq
f +ayy

If df is differentiable, we can obtain its dlfferentlal by multiplying the partial derivatives of df
by the corresponding differencials of the variables:

d2f:d(df):d(afd +a—f y) ax(afd +a—f )d +—<afd —l—a—fdy)dy:

Jy ox dy oy \ 0 0
*f >*f *f 2f
d dy | d d d
(8:52 Tt Byor y) x+(8x8y WL > y
Grouping the terms containing the products of the differentials of x and y, we obtain
o f *f  f f
—=dx dxd
027 +<8$8y+8y8x> wdy + 5 3y’
and, if the cross derivatives coincide, it results
0*f o*f 2f
d? ——d2® + 2———dxd
= 502+ Zaupy ™t 5,21

This expression, which reminds us of the expansion of the square of a sum, can be abbreviated
by using the square in symbolic form:

2
O 4o + —fdy}

ox dy

It is shown by induction that this notation is valid for a differential of any order, hence

(p
vy Loy 2

d2f=[

Example. The 3rd. order differential of f(x,y) (using the Newton’s binomial expansion) is:

of , ., 0f }(3:8‘7 O*f O*f sy

2
T+ =d Sda® 4 3o dady + 3 5y

2z T 9y 03 020y Beap B+ 5

dez[
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Differential of order p of a function of n variables. It is also shown that the symbolic
notation for higher order differentials is valid for any number of variables. Thus, the differential
of order p of a function of n variables can be expressed as

of . . 0f af 1w
01, 1+8 2d 2+ +axndxn}

AP f(x1,29,...0p) = [

Hessian matrix. We have seen in the example a particular case of the differential (2 variables,
differential of order 3). Setting n = 3, p = 2, we obtain the second differential of a function of
three variables

d2f:[afd + 4 9y 1

dy 0z
whose expansion, assuming that cross derivatives are equal, is
o*f 0*f 0*f 0*f o*f o f
2—— 2 2
8x2d + 3y 2d + ER 2d + 520y dxdy + 83:8,zdxdz+ ayazdydz

which can be written in matrix form as

o*f 0% f o*f

0x? Oxdy O0x0z du
o*f 0% f o*f

Jyox  Oy*> Oyoz
o*f 0% f o*f

0z0x 020y  0z°

df = (d:v dy dz)
dz

This matrix is called a Hessian matrix. It is symmetric if the cross derivatives are equal.
Exercise 1. Write the differential of order 4 of a function of 2 variables f(x,y).

Exercise 2. Find the differential of order 2 of the function f(z,y), f(z,y) = 2%y + zy?,
particularizing at the points P(1,—1), Q(1,0).

Solution. d*f|p = —2da® + 2dy?*; d*flg = 2dy® + 4dxdy

8 Taylor expansion

Given a function of n variables, we want to calculate its value at a point Z, from the values at
point @ of f and its derivatives. As we did in functions of one variable, we can approximate
this value by means of the Taylor polynomial of degree k or express it exactly as the sum of the
Taylor polynomial of degree k plus the remainder term of order & (limited expansion of order k
of the function f).

f(@) = Pu(T) ;5 f(Z) = Pr(T) + Ti(7)

8.1 General expression

We will see first (without proof) the case of two variables, which will help us to obtain a simplified
expression of the addends of order £ and the remainder term. Then we will generalize to the
case of n variables.
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Function of 2 variables. Let the function f be defined on D C R?. The points (a,b) and
(z,y) are interiors of D and we assume that f € C* 50 it is k+1 times differentiable (k > 1)).

To obtain the Taylor expansion, we add the derivatives in increasing order, multiplied by the
increments of the corresponding variables. For example, the third derivative with respect to x
twice and to y once is multiplied by (x — a)?(y — b). Then:

- The first term of the polynomial (degree 0) is f(a,b) (derivative of order 0).

- The terms of 1st. degree are

@b = a)+ @by

- The second derivatives of f are continuous, so the second cross derivatives are equal. The
terms of degree 2 result
1 [0 )

0 f 0 f
b)(x — —b) + —=(a,b)(y — b)*

@b = -0+ S0~ 0
and we write them as a symbolic square of the sum of terms of degree 1 (see 7.3):
of
Ox
It can be shown by induction that also the addends of degrees 3,4, ... can be written as
the corresponding symbolic powers of this sum.

@
(0.0 = a)+ P ) - b)}

- The remainder term of order k takes the form

1 P P (k+1
o) = Gy | e &) = @)+ 5 68— )
being ({1, &>) an intermediate point between (a,b) and (z,y), that is

(&1,&) = (a,b) +0(z —a,y —b), 0<b<1

Thus, if [-] represents the sum of the first degree terms, the limited expansion of order k of
the function f is

—[-](3+---+i[-}(’“+Tk(:p,y)

flew) = fla) + 111+ x

Tangent plane. Analogously to what happens in one variable with the tangent line to the
curve y = f(z) at * = a, the terms of the expansion of degree 0 and 1 represent the equation of
the tangent plane to the surface z = f(z,y) at P(a,b).

2= [f(a,b) + fi(a,b)(z — a) + fy(a, b)(y — b)

Function of n variables. In this case, the expression is analogous to that for 2 variables, but

[-] now contains the n partial derivatives with respect to 1, za,...2,, at @ = (a1, a9, ...,a,):
B 1 1 1 1 B
F@) = @) + 1+ 5[0+ LS e S [+ T(E)
being
of of of .
[] = a—i(a)($1 - CLl) + 8_;;(@)(1:2 — CLQ) + 4 a—l{l(a)(l’n — an)
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8.2 Matrix expression.

In the case n = 2, the terms of degree equal to or less than 2, written in matrix form, are

0*f  0%f

r—a 1 022 0x0y r—a
—|—E(x—a y—b) ) )
(@b) |y —0b - o°f 0°f y—>b

Iydx  Oy* / 14y

of of
fla,b) + (% 8_y>

The second addend is the escalar product of the gradient of f by the increment {(z,y) — (a,b)}
of the variable. The third addend is the Hessian matrix pre and post multiplied by the increment
of (z,y). Then, for any n, the expression of the terms of the expansion of degree less than or
equal to 2 is

f(@) = f(@) + V@) - (Z—a)+ %(f— @) H|sa{Z—at+...

where we write (Z — @)" to indicate that we premultiply the Hessian matrix by a row matrix and
postmultiply it by a column matrix {# — @}.

Example. We obtain the Taylor polynomial of degree 3, at point P(1,—2) of the function

fla,y) =2y + 3y — 2
- First derivatives: f, = 2zy; f, = 2%+ 3.

3 : . " __ . " _N- "o __ e
- Second derivatives: f = 2y; f,, =0; fi, = [ = 2.

" — 0 " — 0 " __ " __ " — 2 n __ n __ n __ O
) Y )

- Third derivatives: f." vy vry = Joye = Jyza yye = Jyzy = Jogy =

We observe that the cross derivatives, both of second and third order, are equal; and that all
the derivatives of third order are constant, so those of order higher than 3 are null.

We particularize the values of the variables at point P and write the terms of degree less than
or equal to 2 in matrix form. It results

-1 TSN (e =1) B (- 12y + 2
F(P) + (1 f{,){x }+%(m—1 y+2)<// ){x }+f ( 3!)(y+):

y+2 e Jyy) (Y T2

r—1 —4 2 r—1 3-2(x— 13y +2)
—10 + (-4 4){y+2}+ (z—1 y+2)< ) 0) {y+2}+ 5

Operating, we obtain the following polynomial, in powers of (x — 1) and (y + 2)

| —

Py(z,y) =10 —4(x — 1) +4(y+2) = 2(x — 1)? +2(z — D)(y + 2) + (z — 1)*(y + 2)

If we operate and simplify, we arrive to the initial function. This was to be expected, since the
function is a polynomial of degree 3, so its Taylor polynomial of degree 3 coincides with f.

Exercise. Find the Taylor polynomial of degree 3 of the function f at P(—1,1)

fla,y) =y’ — 2

Verify that, operating the expression of the polynomial, the function f is obtained.

Sol. z=-2+3(x+1)—20y—1)— (@ +1)?>+2x+Dy—1)—(y—1)2+ (z +1)(y — 1)?
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9 Local extrema

We are going to study the local (or relative) extrema of a function of several variables. We
will start assuming that there is an extremum and we will look for the points that satisfy a
certain condition (necessary condition of extremum). Next, we will analyze the first terms of the
Taylor expansion and deduce whether, at the previous points, there is a maximum, a minimum
or neither of the two; thus we will have a sufficient condition for the existence of an extremum.

9.1 Necessary condition

Let function f be
f:D—>R, DCR* feC* k>2

Suppose that f has a relative minimum at & = @, being @ an interior point of the domain (for a
maximum we would proceed the same way). Then, there will exist a punctured neighborhood
of the point at which the values of f will be greater than f(a@), that is

3U; / f(@) < f(Z) VZ e U;
(we are assuming strict minimum; otherwise we would use <).
Ifd=(a,ag,...,a,) y &= (x1,29,...,2,), we will have
flai, a9, ... a,) < flx1,29,...,2,) V(x1,29,...,2,) € Uz C D

which means that f grows when modifying any of the variables x;. Then, for each of them there
will be an interval U in which

flai,as, ... a,) < f(x1,09,...,0,) = ¢1(x1), Vo, € U,
f(&haZ: s 7an) < f<a17x27 s >an) = ¢2($2), v-772 € U:;Q

f(aflv az, . .. Jan) < f(alu az, . .. 7xn) = gbn('rn)’ vxn € U;n
That is, we have n functions of one variable, f(ai,as, ...,z ...a,) = ¢;(x;), each with a mini-

mum at an interior point.

The relative extremum theorem (for functions of one variable) says that “if a function f is
deriwvable on an interval I and it has an extremum at a point a, interior of I, then its derivative
at a is null”. Therefore,

dox
d(El

_ 99

= — ... = =0
dafg

- dx,,

r1=ai T2=0a2 Tn=0n

But each of these derivatives is equivalent to the partial derivative of f with respect to the
corresponding variable, particularized at ¥ = @, hence

oy _ofy _.._09

= —0
Ped oz,

- o

r=a

Or what is the same

V(@) =0

which is a necessary condition for the existence of an extremum at the point a@. The
points that verify this condition are called critical points.

Since we have assumed that f is differentiable and @ an interior point, we must also check the
boundary points and those in which f is not differentiable, where there could be an
extremum (see the supplementary document “Problem of extrema with 2 variables”).
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9.2 Sufficient condition

To determine the type of extremum, we will use the first three terms of the Taylor expansion in
matrix form. Since the second derivatives are continuous, the Hessian matrix is symmetric.

—

» , I S
f(@) = f(@)+Vf@-(Z—a)+ g(x — @) H|z—a (T—a)+...
If we call dZ the increment ¥ — @ and take the f(@) to the other member, we have
= 1
f(@) — f(@) =Vfa)-dz+ §dftlj\5:ddf+ e

where we see that:

- The first member represents the increment of the value of the function between @ y .

The first term of the right hand side is the differential df (@) of the function.

The second term is the second differential d? f(a@), multiplied by 1/2.

- The following terms are infinitesimals of higher order: if & is very close to @, they are
negligible compared to the second.

If the point @ satisfies the necessary condition of extremum, v f(@) is null, so the sign of Af is
given by the first non-zero addend, d? f(@). Note that it does not give the exact value of Af due
to higher order infinitesimals. This term is discussed next.

The second differential d*f is a quadratic form, which associates a real number to a vector

% — di' H dit

We classify a quadratic form according to the sign that it takes VdZ # 0. Thus, d*f will be:

Positive definite <= d*f > 0.

Negative definite <= d?f < 0.

Positive semidefinite <= d*>f > 0.

Negative semidefinite <= d%f < 0.

Indefinite <= d*>f = 0 (it may be null, but it is not necessary).

So, depending on the type of quadratic form that d?f is at @, we will have:

- If df is positive definite, then Af > 0 always; hence there is a minimum at .

- If d?f is negative definite, then Af < 0 always; hence there is a maximum at @.

- If d f is indefinite, we can have Af = 0; hence there is neither a maximum nor a minimum.
If d? f is semidefinite, there are several options. We analyze it for PSD (with NSD it is analogous).

- In this case d?f > 0; that is, for some dZ, d*f > 0 = Af > 0; but, for others, d*f = 0, in
which case the sign of Af is given by the higher order terms and Af can be z 0.

- We can only be sure that there is no maximum: since d?f > 0, for some dZ it must be
d*f > 0= Af >0, so the function grows. Therefore there can be no maximum.

- A supplementary document discusses the function f(z,y) = 2? + ky*, which has a critical
point at (0,0). It is shown that, depending on the sign of k, different results are obtained.
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9.3 Determination of the type of quadratic form

We will see two ways to classify a quadratic form, from its associated matrix.

a) Sylvester’s criterion. A quadratic form is:
- Positive definite if and only if the leading principal minors of the matrix are positive.

- Negative definite if and only if the signs of the leading principal minors are —, +, —, ...

Remark. Given a n X n matrix, its leading principal minor of order k is the £ X k minor
obtained by deleting the last n — k£ rows and columns. Thus, the L.p.m. of order 1,2,3,... are
the upper left 1 x 1 corner, the upper left 2 x 2 corner, the upper left 3 x 3 corner,. ..

b) Diagonalization by congruence. It can be proved that every symmetric matrix H is
diagonalizable by congruence, that is

H=H"=3C(|C|#0)/CHC'=D

According to the signs of the elements of the main diagonal of D, the quadratic form will be:

- Positive definite <= d; > 0,i=1,2,...,n

- Negative definite <= d; < 0,i=1,2,...,n

- Positive semidefinite <= d; > 0,1 =1,2,...,n
- Negative semidefinite <= d; <0,71=1,2,...,n

Indefinite <= d; 2 0 (there may be some null).

Remark. Square matrices satisfy that “the determinant of the product is equal to the product
of the determinants” and “the determinant of a matriz is equal to that of its transposed”, so

2
D] = [C]|H]|C*| = |C|" |H|
Hence the determinants of the Hessian matrix and its diagonal matrix have the same sign, which

will be useful when classifying the quadratic form.

We show below the recommended steps in the study of extrema.

9.4 Search of extrema. Summary and examples
Consider a function f : D — R, D C R", f € C?. To find its extrema on the interior of the
domain D, we take into account the necessary and the sufficient conditions.

Necessary condition. Since the set is open and f is differentiable, its extrema will be at points
that satisfy the null gradient condition. Then the possible extrema (critical points) are given by
the solutions of the equation

Vi=0

Sufficient condition. To find out which critical points are extrema, the first step is to determine
what type is the quadratic form d?f at them. We know that:

- If it is definite, there is a minimum (positive) or a maximum (negative).

- If it is indefinite, there is neither maximum nor minimum (saddle point).
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If it is semidefinite, we only know that there can be no maximum (if it is positive SD) or
there can be no minimum (if it is negative SD).

So, we follow these steps:

a)

b)

(Is H definite? It is found by applying the Sylvester criterion. So, if it is positive
definite, there exists a minimum. If it is negative definite, a maximum.

If H is not definite, studying its determinant there are two options:

b.1. ||H| #0|. Since |D| = |C|*|H|, it turns out that |D| = dyd, - -- # 0, which means
that no d; is null, so they will have equal or different signs. If they had the same sign,
H would be definite, which is not the case. Then there must exist some d; 2 0, so H
is indefinite and we have a saddle point.

b.2. ||H| =0|. In this case |D| = 0 and the d; can be > 0,< 0 or ; 0 (some must be
null), so H can be semidefinite or indefinite.

In these cases we can find out what type of quadratic form it is by diagonalizing by
congruence.

In the particular case n = 2, there are only two d;, one of which at least is null. Then
it cannot be indefinite, so it will be semidefinite.

H semidefinite: To solve these inconclusive cases we can move from a along different
straight lines: if f increases in one direction but decreases in another, it is a saddle
point. The same happens if, along the same straight line, it increases in one direction and
decreases in the other. In the case n = 2, we can move from (a, b) parallel to the axes, to
the bisectors y =z, y = —x, etc.

Examples.

a)

b)

flz,y) =2+ 9y + 2y — x — 2y.
Applying the necessary condition, we obtain the critical point P(0,1). The Hessian matrix

Ha) = (? ;) is positive definite (Sylvester), therefore it is a minimum.
flry)=zy+z—y—1

Applying the necessary condition, the critical point is P(1,—1) and the corresponding
01
10
|H| # 0, it turns out that H is indefinite, so we have a saddle point.

fla,y) = VR — a2,
Applying the N.C., we get P(0,y) (all points on the OY axis are critical). In all of them:
1

H = (_OE 8) — |H| = 0 = H semidefinite (n = 2).

Hessian matrix is H( _1) = ( ) In this case H is not definite (Sylvester). Since

1
To solve it, we consider the second differential d?f = —— da? < 0, which takes a negative

value Vdx # 0. Then the value of f decreases if we move, from the points (0,y), in any
direction, except the one given by dxr = (0. But this means moving along the OY axis,
where the value of the function is constant and its value is R. That is, at every point (0, y)
-the OY axis- there is a maximum of value z = R.

To see it graphically we write the equation in the form 22422 = R?, which corresponds to a
cylinder of radius R and horizontal axis (the OY axis). The expression of f(x) corresponds
to the part of the cylinder above the plane XY (2 > 0).
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d) flz,y) =y’ —2°>—22 -1
Applying the N.C., P(—1,0). The Hessian matrix is

0 O

To solve it we study -as in the previous case- the second differential d>f = —2dx?. This
tells us that the value of f decreases as we move in any direction except the OY axis.
Studying this case (variation only of y), we see that f increases if y increases and decreases
if y decreases, therefore there is a saddle point at P.

H_10) = <_2 0). H is diagonal, so it is negative semidefinite.

Another option is to move in different directions starting from P(—1,0), where f is null:
for example in those of the axis, alternately increasing x and y by a value A. It results:

d.1. At any point of coordinates (—1 + A,0), the function takes the value —A? then
decreasing from its value in P, regardless of the sign of A.

d.2. At any point of coordinates (—1,A), the value of f is A3. That is, it increases if we
move from P in the positive direction of the OY axis (A > 0) and decreases otherwise.

We conclude that, at P(—1,0), f has neither a maximum nor a minimum (saddle point).

e) f(r,y,2z) =32? — 6x +y* — 24
Applying the N. C., we get P(1,0,0) and H1 0y =

H is positive semidefinite and the second differential is d>f = 6dz?, so the function will
grow whenever dr # 0. If, on the other hand, we move from P, parallel to the plane
YZ (dx = 0), the second differential is null. To identify the type of extremum, we move
parallel to Y Z from P, modifying the value of one of the variables y, 2z each time:

e.1l. Value of f at P: f(1,0,0) = —3.

e.2. We increase the value of y: f(1,A,0) = =3+ A* = Af = A% so f increases.

e.3. We increase the value of 2: f(1,0,A) = -3 — A = Af = —A* so f decreases.

It is, then, a saddle point. We have not tried to modify the value of z, because, as it has
been said, the function grows whenever dx # 0.

10 Implicit function

From an equation that relates two variables, F'(z,y) = 0, sometimes we can solve for one of
them in terms of the other. For example:

sin
x3y—sinm:O:>y:—3,Vx7ﬁ0
x

In other cases it is not possible to get an explicit expression of y in terms of z, e.g.:
rsiny —y—2>=0= ?

However, it may happen that, for all x, there is a unique y that verifies the equation. This means
that y is a function of x, even though there is no explicit expression relating them. In this case
we say that y is an implicit function of x.

Next we will give a definition of an implicit function and state the existence and differentiability
theorem for two variables. Then we will generalize to the case of n variables.
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10.1 Definition

F(z,y) = 0 defines y as an implicit function of x on the interval I C R if and only if, for all
x € I, there exists a unique value 1(z) that satisfies the equation:

Ve eI 3¢(z) e R/ F(z,¢(z)) =0

10.2 Existence and differentiability theorem for two variables

We state it in two parts:

a) Let A C R? be an open set. Let F(x,y) be a continuous function on A, such that its
derivative with respect to y is also continuous. We assume that there exists a point
P(a,b) € A such that the function is null at P, but its derivative is not null there, that is

OF oF
F(z,y), =, continuous on A; I(a,b) / F(a,b) =0, —(a,b) #0
dy dy
In this case, the equation F(x,y) = 0 defines a unique continuous function y = ¢(x) as
an implicit function of z, on a neighborhood of z = a, y = b (U,).

b) If, in addition, the derivative of F' with respect to x is continuous on A, then y = ¢ (x) is
differentiable on U, and -using the chain rule- it holds

do  OF

oF| , oF b
de Oz

+ & —0
y=v(@ Oy dx

y=1()

Frb(x)) = ¢lx) = 0 =

from where

d_@ZJ L OF [0z
dr  OF/0y

y=v(x)

That is, although there may not be an explicit expression y = ¥ (x), we can know its
derivative on a certain U, (in particular at = a). For example, we can obtain the tangent
to the curve defined by F'(x,y) = 0, without knowing the equation of the curve.

Example. Let F(z,y) = 2> + y* — 2 = 0. Its partial derivatives are F, = 2z, F}, = 2y. Doing
y = z in the equation, we obtain point P (1,1) in which F' is null and F} is not null. Then there
exists a neighborhood of x =1, y = 1, where

- _1>

dip F! r /. . dip

— = = —— (m particular I
Note that F(z,y) = 0 is the equation of a circle, from which we obtain two possible functions
y = ¥ (x), corresponding to the semicircles above and below OX.

dx__?; Y T|p

We also see that all the points of the circle can be chosen as P, except (1,0) and (—1,0), in
which F?; = 0. The reason is that, in every neighborhood of those points, there are two implicit
functions (the aforementioned semicircles). Then the theorem is not verified in them, since it
guarantees the existence of a single implicit function on a certain neighborhood of the point.

Exercise 1. Given the equation F(z,y) = y*cosz — z?

a) Check that an implicit f. exists on a neighborhood of P(7/2,7/2) and find 0¢/0z at P.

cosy = 0:

b) Identify the function, which in this case has a very simple explicit form.

c¢) At Q(0,0) the condition F) # 0 is not satisfied. Find a reason for it.

Exercise 2. Apply the theorem to F(x,y) = siny + secy — x = 0, finding the point P(a,b).
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10.3 Generalization of the theorem to vector functions

We have studied one equation with two variables that defines one of them as an implicit function
of the other, y = ¥ (x). We are going to state the theorem in the general case: m equations
with m + n variables that define m of them as an implicit (vector) function of the remaining n
variables (vector variable). First we will see, as an introduction, a case with 3 variables.

Particular case. Consider the equation g(u,v,y) = 0 (to simplify, we will not take into
account domains of existence). Analogously to what is defined in 10.1, we can say that
g(u,v,y) = 0 defines y as an implicit function of u and v if and only if

V(u,v) F(u,v) /g(u,v,w(u, v)) = ¢(u,v) =0

If the sufficient conditions for it are satisfied, ¥ (u,v) will be differentiable. Finding the partial
derivatives of ¢ and operating we obtain the derivatives of

99 _dg 09 0¥ _ 9 _ _9g/0u
Gu_8u+8y Gu_0:> ou  0g/dy

06 o5 o4ov_,_ [0 _oujon
v Ov Oy v ov  0g/dy

0=

provided that the partial derivative of g with respect to ¥y is not null.

General case. We now consider a function of m components (g1, g2, . . . ¢ ) and m+n variables

(T1, .+ Zp, Y1 ---Ym), which we can express briefly as §(Z, ¥/)

The conditions that ¢ must satisfy are analogous to those required to the function of two variables
F(z,y) in 10.2:

- ¢ continuous; that is, the components g; are continuous on A C R"*™ k=1,...m.

0 0
- Partial derivatives gk, 99k ontinuous on A C R™ i=1,...n; j,k=1,...m.
8$i Gyj
: : = 7 /= T ~ ag
- There exists a point (aq,...a,,b1,...by,) = (@, )/g(a, ) =0, EF, #0.
V@b

0 defines, as an implicit function of

Theorem: Under the stated conditions, “the equation g = i
a, ¥ =0 (Uz), differentiable on Uz”.

T, a unique function § = 1/7(:?), on a neighborhood of ¥

ST

This means that:

a) The implicit function J verifies the equation § = 0:

3@ 5) = 0= 37 = (&) /§ (2.9(@) = é(&) = 0
The above expression in vector form means that there exist m functions ¥y, s, ..., ¥,
all of them of n variables (z1, ... x,), which satisfy the m equations g; = 0. This gives rise

to m functions of the same n variables which are null on U;. That is

91($17---$n;¢17---7wm>:¢1<5U1,--- )
92(@1, - Ty Y1, ) = 2(T0, - )

0
0

Tn
Tn

G (T1y o Ty V1, ) = Gl .. ) =0
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b) To calculate the derivatives of the functions ¢, with respect to the different variables we
use the chain rule. The derivative of ¢, with respect to x; will be

O¢r _ Ogx | OgxO%r . Ogx O¥m _ Ogi — Ogr O
ox; Oxr; Oy Ox; OYm O0x; o0x; = dy; Ox;
Taking k as row index and i as column index, we see that d¢y/0x; represents the element
(k,7) of the matrix of the partial derivatives of q; with respect to Z. In the same way,
Jgy/Ox; represents the element (k,7) of the matrix of the partial derivatives of § with
respect to T.

On the other hand, the sum between 7 = 1 and 7 = m in the second member represents
the product of a row times a column: the row k of the matrix of the derivatives of g with
respect to i and the column ¢ of the matrix of the derivatives of 1) with respect to Z.

Taking the above into account, we can write the expression in matrix form and operate,
obtaining

dp 0 0F dy dip o7\ ' o7
oS T AS o S Q Xn - = A= A=
it or Togdz | T | dz o7) ox

—

g=9/(%)

which gives us the matrix of the derivatives of the implicit function 2/7 with respect to the
variable Z. In these expressions, all matrices have dimension m X n, except the derivative
of g with respect to 7, which is square (m x m).

Note that the resulting vector expression corresponds exactly to the one we obtained in 2
variables, using vectors 7, ¥ and v instead of scalars and the function ¢ instead of F.

Example. We are going to apply the obtained expressions to the particular case that we solved
as an introduction.

We express the equation g(u,v,y) =0, as §(Z, ) = 0, where
7= (u,v); ¥=vy; §:R"™™ S R™ withn=2 m=1
The condition § = 0 defines the implicit function @/7

(7,9) = 0= §=4(Z)

Q

where ¢, 1,1 are now scalars.

Applying the general expression to our case, the matrix of derivatives of ¢ with respect to ¢ has
a single element, so its inverse is (0g/dy)~'. And the matrix of the derivatives of § with respect
to @ contains the derivatives of g with respect to v and v. Then the derivative of the implicit
function J with respect to 7 is

dip (O O\ 1 (dg 89\  (9g/0u dg/ow
di <_ _> ~ g/0y (%’%> o (89/3y’ 89/8y>

ou’ Ov
and the expressions of the derivatives of ¢ with respect to u and v coincide with those obtained
at the beginning. This suggests that sometimes the vector notation is not necessary and we can
proceed as we did in the particular case.

It is recommended to see the problems solved in the supplementary document “Theorem of the
implicit function. Examples”.
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11 Constrained extrema

In section 9 we have studied extrema of vector functions whose variables can “move” freely
through their respective domains. Next we will study extrema of functions subject to some
equality constraints, i.e. the variables of the function must verify certain conditions.

Suppose that f(x,y) has an extremum at P(a,b). If we impose a condition that relates z and
y, it may happen that the extremum at P disappears and another one appears at P'.

Example. f(z,y) = 1 — 2% — y? reaches its maximum value for z = y = 0. If we make the
variables to satisfy the condition z + y — 1 = 0, the maximum is reached for x =y = 1/2.

11.1 Constraints in explicit form

We consider functions of m + n variables, constrained by m explicit conditions such that m
variables depend explicitly on the other n. That is, let the function f be

F G T A VR T

with the constraints

N = @Dl(fﬂl, cee 71'n)

Ym = wm(xlu cee 7In)

If we write the m + n variables as ¥ = (z1,...,2,) and ¥ = (y1...,Ym), the function becomes

—

f(Z,9), being § = ()

It is immediate that, replacing in f the variables y; by their respective expressions ;(¥), the
original function with the constraints results in a new function of only n variables

f(Z, g)’gzﬁ(f) = f(Z,¢(2)) = ¢(2)
from which we can obtain the extrema by the method described in 9. This would be the case of

the previous example, if we introduce the condition y =1 —x in f(x,y) =1 — 2% — y%

11.2 Constraints in implicit form
Now we want to obtain the extrema of the same function f(Z, ¢/), but in this case the m conditions
will be given implicitly by m equations

i(T1, o Ty Y1 Ym) =0

gm(l‘ly--'amnvyl'-'aym)zo

that can be written more briefly as g(z,7) = 0.

Method of the Lagrange multipliers. It can be shown that there exist certain values
A € R, such that the extrema of the function f, with the m constraints between the variables,
coincide with those of the Lagrangian function

=1

which allows us to simplify the search of the extrema when the conditions are not explicit.
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Necessary condition. We will justify it for a function of three variables subject to two con-
straints (n = 1, m = 2). We will see that, to obtain the critical points of f with the constraints
g1 =0, go = 0, we must satisfy the same conditions as for those of L. Let f, g1, go be

U:f($>y72)§ 91<557y72):03 92(1:73/72):0
The Lagrangian function is
L= f(l’,y, Z) + )‘lgl(way72) + )‘2 g2<ﬂf,y,2>

To find the critical points of L, the following conditions must be satisfied:

8L_ 8f 891 892_
ar o Thar Ty 70
OL |98 32 13,22 o) ()

ay |y T ey Ty
oL _|of dg1 0ga
0z 0z 0z 0z

Let us now study the function f. By the implicit function theorem we know that, under certain
conditions, the equalities g; = 0, go = 0 define two implicit functions 1, ¢, that satisfy them:

g1(9€,y, Z) = 0 T T g1 (w7¢1(x)7¢2(1')) — 0
gg(x,y,z) —0 } — le( >7w2( )/ { 92($,w1<$),¢2(£€)) -0 }

Replacing y and z by their corresponding functions v, 1, f becomes a new function

f(ff,%(x)ﬂ/b(f)) = ¢(x)
that we will derive with respect to = to find its possible extrema.
Since the functions gi(z, 1 (), ¥a(z)), go(z,¥1(z),¥2(x)) are null for all z of a certain set

(therefore, constant on it), their derivatives with respect to x will also be constant.

Using the chain rule to derive f, g; and g2, we obtain

OF 0 dvn 0 dvs
Oor Oy dr 0z dx
0o, | Doy s | Doy _
or Oy dx 0z dx
Op: | Dudin | Dopdt _
ox Jy dx 0z dx

In these three equations there are only two unknowns, the derivatives of v; and 5. For the
system to have a solution, one of the equations must be a linear combination of the others. That
is, there must exist «, 8, € R such that

of of of 991 Og1 Og¢ dgy Jga 0Oga\
a(@x oy 8z>+6(8x oy 0z)+7(8x oy 8z)_(0 0.0)

The coefficient a must be not null. Otherwise the derivatives of g; and g would be proportional
and the condition “determinant of 0§/0y not null” would not be satisfied (see 10.3). Dividing
the equation by « and setting f/a = A1, v/a = g, it results

of af of 091 091 Oq g2 0ga Jga’\
<(’91: dy 82>+)\1(8x dy 8z)+>\2(8x dy 0z>_(0 00)

=0

Equating the components in both members, we arrive to the same necessary condition () ob-
tained for the Lagrangian function.
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Application of the method. Let a function f be f(z1,...,¥,) and the constraints

gl(xlu--wym) :0792('1;17"'73/7”) 207 gm($17~~-,ym) :0

The Lagrangian function is
L=f+Mg+ -+ Aigm

Critical points. To find them, we apply the necessary condition by differentiating L with
respect to the m + n variables. We also add the m constraints:

oL oL oL oL
= =0,..., == =0|; [Z2=0,...,— =0 =0,...,gm=0
8x1 ) ’81'” ) 3y1 9 ; ) g1 ) » g

We have obtained 2m + n equations. The 2m + n corresponding unknowns are the points
P(ay,...,an,by...by) and the multipliers Ay, ..., A,.

Sufficient condition. At the critical points we can have a maximum, a minimum or a saddle
point (neither maximum nor minimum) depending on the type of quadratic form of d*L|4g,—o.

The condition dg; = 0 means that, when studying d2L, it is necessary to take into account
the relations between the differentials of the variables that result from the conditions g; = 0 in
differential form. Then

positive definite =~ = minimum
If d2L|dgi:O is ¢ negative definite = maximum
indefinite — saddle point

Remark. If d?L is definite, it is not necessary to study the conditions dg; = 0, since they will
not change the type of the quadratic form. On the other hand, when d2L is semidefinite or
indefinite, the relations between the differentials of the variables can influence the final result.

Example. We apply the method to the introductory example, in which

fla,y) =1—-a—y*, glz,y)=r+y—1=0
The Lagrangian function is L = 1 — 22 — 3*> + A(x + y — 1). Differentiating

oL

oL
8—:—2x+/\:0; —=2y+A=0=z=y
x

dy
Equating z and y in condition  +y — 1 = 0 we obtain the point P'(1/2,1/2).
The second derivatives are
0L O°L 0*L %L —
oxr?  0y? oxdy  Oyox 0 -2
H is a diagonal matrix, so it is immediate to see that it is negative definite. Applying the

Sylvester criterion, the same result is obtained, since the principal minors are —2,+4. As a
consequence, we have a maximum at P'(1/2,1/2)

Exercise. Find the dimensions of the rectangle (base z and height y) of maximum area, with
a given perimeter P.

Solution. It is the square of side P/4.
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12

12.1

Self-assesment exercises

True/False exercises

Exercise 1 Decide whether the following statements are true or false.

1.

10.

The properties of the “euclidean norm” are: positivity, conmutativity and triangular in-
equality.

. A vector function of a real variable is continuous at x = a, if and only if each one of its

components is continuous at r = a.

. Consider a function f : R? — R. If the value of the limit of f at @, along any direction

given by &, is ¢, then the limite of f at a is .

. If the directional derivatives of a real function of two variables exist, then the function is

continuous.

. The directional derivatives of a real function of several variables depends always on the

direction.

A necessary condition of differentiability of a real function of several variables is that the
partial derivatives are continuous.

. The jacobian matrix of a vector function of 3 components and 2 variables is a matrix of

32 = 9 elements.

. We consider the functions f :R" -+ R™ and g : R™ — RP? whose domains are D; = R"

and D, = R™. If f and ¢ are differentiables on their respective domains, then f ogis
differentiable on R".

. Let f be a vector function of a vector variable. If f satisfies the Schwarz theorem of the

cross derivatives, then the jacobian matrix of the function is symmetric.

0
9 4y 0 4y O
oz 8y 82
expand this expression, the numerical coefficiente of the term that contains dxdz is 2.

A function u = f(z,y,2), f € C? verifies d*u = If we

Exercise 2 Decide whether the following statements are true or false.

a)
1.

b)

Consider a function f(z,y), f € C? on its entire domain. We can state that:

Its Taylor polynomial of degree 2 at the point (a,b) is the equation of the tangent plane
to the surface z = f(x,y) at the point (a,b, f(a,b)).

. If f is the function f(z,y) = x?y?, its derivatives of order five and higher are zero, so

its fourth degree Taylor polynomial around the point P(1,1) corresponds exactly to the
function.

We now study the local extrema of the function f(z,y), f € C? at points where their
partial derivatives are zero. We can state that:

. The function will only have extrema if d*f is definite (positive or negative)
. If d*f is not definite and |H| # 0, then it is a saddle point.

. If the Hessian determinant is null, the second differential can only be semidefinite, despite

which an extremum may exist.
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6. If d*f is indefinite at the critical points, we can ensure that the function has no extrema.

7. If the matrix H is semidefinite it is an inconclusive case. But, if it is positive semidefinite,
there is no maximum and, if it is negative semidefinite, there is no minimum.

c) Consider the equation F(x,y) = z* + y* + 2y + 3y = 0 and the points P(0,0) and

8. The conditions of existence and differentiability of the implicit f. are satisfied at P.

9. The conditions of existence and differentiability of the implicit f. are satisfied at Q.
10. At P, the derivative of the implicit function is null.

d) We look for the extrema of f(x,y,z), with the constraints ¢1(z,y,2) =0, go(z,y,2) = 0.
11. The extrema coincide with those of the function L = f + A\g; + g, VA, € R.

12. The equations g; = 0, g = 0 only influence the obtaining of the critical points, not the
study of the type of extremum (sufficient condition).

13. Once the critical points are obtained, we will have a maximum if dzL]dgi:()’ i=1,2 takes
negative values V(dz, dy, dz) # (0,0,0).

14. In the finding of constrained extrema, the type of extremum is given by the sign of dL| 44, 0.
But, if the matrix H is defined, it is not necessary to use the conditions dg; = 0.

12.2 Questions

Question 1. Let f be a real function defined in D C R". Define the directional limit and the
directional derivative of f at a point @ and reason the truth or falsity of these sentences:

a) If the directional limit at @ depends on the direction, there is no functional limit at @

b) If f is differentiable at @, the directional derivative at @ does not depend on the direction.

Question 2. Let f be a real function defined in D C R". State the necessary condition and
the sufficient condition of differentiability and reason the truth or falsity of the sentences:

a) If f satisfies the sufficient condition on D, then it satisfies the necessary one.

b) If f satisfies the necessary condition on D, then it satisfies the sufficient one.

Question 3. Consider the function

fla,y) = {ﬁ?y? (z,y) 7 (0,0)
| 0 (ZL‘,y) - (O, O)

To obtain its directional derivatives at the origin, we calculate the limit:
f(Awg, Awy) — f(0,0)

D5f(0,0) = lim o i %

A A—0 A\

which has no finite value. However, calculating the partial derivatives at the origin by the
definition, we obtain

_— pu— 1 = 1 —_— _— = e e e T

ox (0.0) B0 h hso R 0 Dy (0,0) 0
Since the partial derivatives (which exist) are a particular case of the directional derivatives
(which seem not to exist), explain the reason for this apparent contradiction.
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Question 4. Reason the truth or falsity of the following statement: “Let f be a real function of
2 variables, differentiable on R?. Its gradient at the point P(a,b) is a vector of R? that indicates
the direction of minimum variation of f, from its value at P”.

Question 5. State the theorem of existence and differentiability of the implicit function.

Question 6. Let F(z,y) = zsiny—ysinz = 0. It can be verified that the equation F'(z,y) = 0
satisfies the conditions to define an implicit function on a neighborhood of the point P(7/2,m/2)
(which is none other than y = ). On the other hand, we see that the function y = 0, a straight
line that intersects y = z at (0,0), is also a solution to the equation.

This seems to mean that, on every neighborhood of (0, 0), there are two implicit functions (y = x
and y = 0). But the theorem states that, under certain conditions, the i.f. defined by F'(x,y) =0
is unique on a certain neighborhood of P(a,b). Can you explain this?

12.3 Solution to the True/False exercises

Exercise 1.
1. F. The three properties are: positivity, product by a scalar and triangular inequality.
2. T. See 3.2.

3. F. The fact that all the directional limits exist and coincide does not mean that there is
a limit when approaching the point along any curve. See an example of this case in the
supplementary documents of the unit).

4. F. The existence of directional derivatives does not ensure differentiability, therefore it
does not ensure continuity. If f admits derivative in one direction, the limit of f at @ will
coincide with f(@) only in that direction.

5. F. Not always. For example, if a differentiable function has an extremum at a point inside
the domain, all the directional derivatives will be null at that point .

6. F. It is a sufficient (not necessary) condition of differentiability.

7. F. The Jacobian matrix of a vector function of 3 components and 2 variables is a matrix
of 3 X 2 =6 elements.

8. F. We have defined the composite function by saying that (]?o 7)(%) = f’(_’( 7)). With this
definition, f o g may not be differentiable, since it may not even exist. Indeed, if p # n,

the elements §(&) will not be variables of the function f. On the other hand, Fo f exists
and is differentiable (see 6.2).

9. F. The Jacobian matrix of a vector function of m components and n variables, is the matrix
m x n of the partial derivatives and does not even have to be square. On the contrary, the
Hessian matrix of the second derivatives is symmetric, if the conditions of the Schwarz’s
theorem are satisfied.

10. T. The expansion of the symbolic square of the sum contains the sum of “squares” plus

the sum of “double products”. One of the latter is the one requested, 2 aag dxdz.
x0z
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Exercise 2.

1

10.

11.

12.

13
14

F. The equation of the tangent plane is given by the Taylor polynomial of degree 1 (see
8.1).

T. Of the 16 fourth-order derivatives, only the 6 in which we derive two times with respect
to z and two times with respect to y are different from zero (all are equal to 4). Therefore
the derivatives of order greater than 4 are null. The result is a polynomial of degree 4, in
powers of (z — 1) and (y — 1). If we operate and simplify we will obtain z%y?.

. F. There may be extrema when d?f is semidefinite. Example: f(z,y) = 2? + y* at the

point P(0,0) (see section 9.2 and the supplementary document “Example of a semidefinite
cuadratic form”).

. T. If |H| # 0, then no element of the diagonal matrix is null. Since the quadratic form is

not defined, the elements cannot be both positive nor can they be both negative (Sylvester).
Therefore they must have different signs, so the quadratic form is undefined and it will be
a saddle point.

T. If |H| = 0, at least one diagonal element is null. Since there are two, they cannot have
different signs, so it is semidefinite, but there can be an extremum (see question 3).

. F. It can have extrema at some point on the boundary, even though its partial derivatives

are not zero at that point.

. T. If the Hessian matrix is semidefinite, it is a inconclusive case with no unique solution,

but we can aflirm what follows:

- If it is positive semidefinite, for some dZ it will be d*f > 0 = Af > 0 (the function
increases as we move away from the point, at least in one direction), then it cannot be a
maximum.

- If it is negative semidefinite, for some d¥ it will be d*f < 0 = Af < 0 (the function
decreases as we move away from the point, at least in one direction), then it cannot be a
minimum.

T. The function and its two partial derivatives are continuous at every point. At P, F'is
null ad its derivative with respect to y is not, then the conditions are satisfied.

. F. The function and its two partial derivatives are continuous at every point. At ) F' is

null and so is its derivative with respect to ¥y, so the conditions are not satisfied.

OF oY OF/0x
T. At P the — = — =——=7=0.
t P the E 0, so E OF JOy 0

F. |3\ p € R| for which the statement holds, but it does not hold |VA, u € R|.

F. If the second derivatives of the functions g; are not zero, their differentials will be
part of the second differential of the Lagrangian function, so the constraint conditions will
influence the type of extremum.

T. See 11.2.

T. See 11.2.
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12.4 Solution to the questions

Question 1. We define directional limit and directional derivative:
The directional limit is the value that f approaches as T approaches @ through the subset
E={Ze€R" /¥=d+ A\J}. That is, it is obtained as }\ILI(I) f@+ Ad).
The directional derivative is given by the expression:
fla+xd) — f(a@)
A

Parta) =1,
From the above definitions,

a) The limit of f at @ is the value to which f tends as ¥ — @ through any path. If it
exists, any directional limit must coincide with it. If the directional limit depends on the
direction, it will not have a unique value, then there is no functional limit. Therefore the
statement is true.

b) If f is differentiable, then it has directional derivatives and Dgf = § - & holds. So the
directional derivative depends on the direction (given by &) and the statement is false.

Question 2. We define the necessary and sufficient conditions:

Necessary condition: If f is differentiable on D, then there exist directional derivatives on D
and take the value: Dgf =g - &d.

Sufficient condition: If f has continuous partial derivatives on D, it is differentiable on D.
From this:

a) If f satisfies the sufficient condition, then it is differentiable, so it satisfies the necessary
condition. The statement is true.

b) If f satisfies the necessary condition, then it has directional derivatives and therefore partial
derivatives (which are a particular case). But we cannot ensure that these are continuous,
so the sufficient condition is not satisfied. The statement is false.

Question 3. The statement says that the limit has no finite value, which is only true if the
numerator is not null. If the numerator is zero, so is the limit. Indeed, if we calculate the limit
taking for & the directions of the unit vectors &; = (1,0) and &y = (0, 1), which correspond to
the directions of the axes, we get the values

> . 1-0 > . 0-1
D(l’o)f(o,()) == hmT = O, D(071)f(070) = :}\lm— =0

which coincide with those of the partial derivatives, so there is no contradiction.

Question 4. If f has two variables x and y, the components of its gradient vector are the
partial derivatives of f with respect to x and v, so it will be a vector of R2.

This vector does not indicate the direction of minimum variation of the function f, but that of
the maximum variation. The variation will be minimum (null) in the direction perpendicular to
the gradient vector at each point, which is the condition to obtain the contour lines. This can
be justified from the directional derivative formula

Dgf =g -w=|glllwl] cos ¢ = [|F]| cos ¢,

where we see that the variation will be maximum in the direction given by the gradient vector:
if o = 0, the cosyp is equal to 1. It will be minimum (null) in the perpendicular direction: if
© = m/2, the cos p is equal to 0.

Therefore, although its first part is true, the statement is false.
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Question 5. The theorem states the following:

Let F' be a continuous function of two variables. Consider a equation F'(z,y) = 0. If the partial
derivatives OF /0x and OF /0y are continuous and there exists a point P(a,b) at which

oF
F(a,b) =0, a—y(a,b) #£0

then F'(z,y) = 0 defines a unique continuous function y = ¥ (x) as an implicit function of z on
a neighborhood of x = a, y = b, which is differentiable.

Question 6. Since the point P(m/2,7/2) satisfies the conditions of the theorem, there exists
a neighborhood of it* in which there is a unique implicit function (the function y = z). On
the contrary, Q(0,0) does not satisfy the “non-null derivative with respect to y” condition, so
we cannot guarantee that in some neighborhood of it there is a unique function. In fact, on
every neighborhood there are four solutions to the equation F(z,y) = 0: the straight lines
y==*x, y =0 and x = 0, which intersect at the origin.

Take, for example, any point on the line y = 0, different from the origin, for example R(0,1)). We
see that the conditions of the theorem are satisfied at R and, therefore, on a certain neighborhood
of it™* there exists a unique implicit function (which is now the function y = 0).

(*) There are an infinite number of them, e.g. the circles with center at P and radius r < 1.

1
(**) There are an infinite number of them, e.g. the circles with center at R and radius r < 3"
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Unit III. Series of real numbers o120

1 Definition

Given a sequence of real numbers {a,}, we want to obtain the sum of its terms. Since we are
dealing with an infinite number of addends, we cannot perform the sum directly.
The way to do it is to define a new sequence whose elements are the sums of the terms of {a,}
in increasing number; and calculate the limit, when that number tends to oc.
That is, we define

S1 = wm

SQ ar + as

53 = a1 +az+as

Sp = a1 +ayt+az+---+a,

{S,} is the sequence of partial sums associated to {a,}, which we will call series or (to
emphasize that there are an infinite number of terms) infinite series. The addends a4, ao, . ..
are the terms of the series and a,, is the general term.

We will obtain the sum of the series by calculating the limit of the sequence of partial sums

o
lim S, = E an,
n—oo

n=1

We will preferably represent a series as

2 an
o0

>,

1

reserving for its sum the expression

However, this second form has the advantage of indicating the first element considered and is
also frequently used to refer to series.

Types of series. We will classify the series according to the convergence of the sequence of
partial sums. We say that a series is:

a) Convergent, if and only if lim S,, =S € R. The limit S is the sum of the series.

n—o0

b) Divergent, if and only if lim |S,| = cc.
n—oo
c¢) Oscillating, if it neither converges nor diverges.

Examples.

1
- The harmonic series (the sum of the inverse of natural numbers): >~ — =1+ 5 + 3 +...
n

- The series of the powers of (—1): Y (-1)"=—-1+1—-1+...

1 1 1 1
—Theseries0fthepowersof1/2:Zz—n:§+1+§+...
L L1y
Von —1 NCIRVS

The series of the inverse of the roots of the odd numbers: >
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2 Geometric series

Once series have been defined, we are going to study a particular case, that of the geometric
series, in which each term is obtained by multiplying the previous one by a fixed non-zero number
called ratio. The successive terms are:

s = a17r

a3 = a9l = CL17‘2

ay, = asr = a17“3

a, = a1 =ar"

Convergence. To study it, we will first calculate the sum of n terms from the value of the
first of them and the ratio; then we will make n tend to infinity. The sum S, is

Sp=a1+aztaz+---+ay

Multiplying it by r
ST =a1r + asr +asr + - + a,r

We now subtract both expressions, remembering that each term is equal to the previous one
multiplied by 7, so all the terms disappear, except two. We obtain

S,(1—=7)=ay —a,r =a; —ar" 'r =a; —ayr"”

from where we solve for S,

1—r"
Sn:al 1—r (T%l)
The following cases result
"1
r>1 —= Sn:alr . = S, = 00 -sign(a;) (D)
r —
r=1 = S,=naq = S, — 00 -sign(a;) (D)
—l1<r<1l = =0 :>Sn—>1a1 (C)
—r
dd
r=-1 = Sn:al—a1+a1—...:>Sn:{al’ eaan (0)
0, evenn
r<-1 = ysn|:’r“_11 I — 1] = [S.| = o0 (D)

The geometric series only converges for |r| < 1. Otherwise, it diverges or oscillates.

3 Necessary condition of convergence

Theorem. If a series converges, its general term tends to 0 (non-sufficient condition).

E a, converges —> lim a,, = 0
n—oo

Proof. 1If > a, converges, the sequence of partial sums has a limit (n — oo). This limit will
be the same, whether we take n terms or n — 1. Then

lim S, = lim S,y =5 = lima, = lim (S, — S,-1)=5—-5=0
n—o0o

n—oo n—oo n—o0
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4
1)

2)

3)

4)

Properties of the series

If we insert in the sequence {an}, .y @ finite number of terms of sum b, the behavior of
the series ) a, does not change (it continues converging, diverging or oscillating). If it
converges, its sum 1is increased by b.

P: Let by + by + - - -+ b, = b. Taking a partial sum sufficiently advanced, so that it contains
all of them, it results

S/

ig=Sn+b= lim S, = lim (S, +0b)

n—oo n—oo
Then, by the limit properties,

- If S,, converges to S, S], converges to S + b.
- If S, diverges, S/ diverges.
- If S, oscillates, ), oscillates.
Remark: If we remove from {a,}, oy a finite number of terms of sum b, the behavior of

the series ) a, does not change. If it converges, its sum is decreased by b. It can be
proved analogously, adding the opposites of the terms that we want to remove.

If we multiply all the terms of a series by a real number \ # 0, its behavior does not change.
If it converges, its sum is multiplied by \.

P: The new sequence of partial sums is

Si = )\(Il = )\Sl
Sé = )\al + )\CLQ = /\SQ

S =Xag+ -+ Aa, = AS, = lim S, = lim (A\S,,)

n—oo n—oo

Hence, by the properties of the limits, both series have the same behavior.

If a series is convergent or divergent, we can replace several terms by their sum without
changing the behavior (or the sum, if it converges).

P: When replacing some terms by their sum, the new sequence of partial sums {5/} will
have fewer terms than the old one {S,}, but all the terms of the new one will belong to
the old one. That is, S],S),...S) is a subsequence of Sy, S, ...S,. Hence:

a) If S, converges, S/, has the same limit (P. 7 of the limits of sequences).

b) If S, diverges, so will S/,. Indeed, since S/ is a subsequence of S, the terms of S/,
also belong to S,,, therefore they satisfy the divergence condition.

If we remove the first n terms of a series, the resulting series is called remainder of order
n: R, = any1+ anio + ... The remainder of order n of a convergent series is convergent
and its sum tends to 0 as n — oo.

P: Given a convergent series, its partial sum of order p is S, = Y7, a; and the sum of the
series (which we denote by > 27 a;) will be S = lim S, .
pP—00

For a given n, the remainder series R,, is obtained by eliminating the first n terms, whose
sum is S, = > " | a;. The partial sums of R, will be those of the initial series, decreased

by the value Sy, that is, R, =% . a; =S, — S,.
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So, making p — oo, the sum R;° of the series R,, will be

RY =Y a; = lim (3, = 5,) =5 — 5, €R
1=n-+1

so the remainder R, is a convergent series.

If we now make n — oo, we get lim R;° = lim (S —5,)=5—-5=0.

n—oo n—o0

5) Given ) a, and ) b,, their linear combination is the series whose general term is the
linear combination of the general terms, Y " (« a,+/5b,). It holds that the linear combination

of convergent series is convergent and its sum is the linear combination of the sums.
P: If both series converge, their partial sums S = >"" a; and S% ="  b; will satisfy:
{58} en — 5% {Sz}neN — S°. The partial sum of their Le. will be Y7 (aa; + 8b;) =

adtiai+ 83" by =aS?+ 4S? and we will have, Va, 8 € R,
lim (S%+ BSY) = alim S¢ + Blim S, = aS* + BS°.
n—o0 n—00 n—o00

The next two properties refer only to series of positive terms (S.P.T.). As justified later
(section 6), these series are never oscillating.

6) If we alter the order of the terms of a S.P.T., the behavior does not change (nor the sum,
if it converges).
P: Let > a, and > a/, be the same series with the terms in a different order.

Since both have the same terms (and they are non-negative), for all partial sum of ) a,
we can find a partial sum of ) al, that exceeds it: it is enough to take an index m such
that S7, contains all the terms of S, so that n < m.

We can now do the same with 5] , finding an index p such that S, contains all the terms
of S;., so m < p. Then,
VnEIm,p/SngS;ngsp (n <m < p)

Since lim S,, = lim S, it results
n—00 p—00

- If S,, converges, so does S/ (P.6 of the limits of sequences).

- If S,, diverges to oo, since S,, < S/ | so does S,.

Hence
lim S, = lim S;, (finite or infinite).
n—o0 m—0o0
7) If we group a finite or infinite number of terms of a S.P.T. or we decompose them into
the sum of positive terms, the behavior of the series is not altered (nor is the sum, if it
converges).

P: Since the S.P.T. are never oscillating, we can apply the P.3 of the series. Then:

a) If we group terms of the series ) a,, neither the behavior nor the sum change.

b) If we decompose terms of Y a, into sum of positive terms we will obtain a new series
> al,. If, starting now from ) a!,, we regroup the terms that we decomposed before,
we will obtain the initial series ) a, again. But this will have the same behavior and
sum as »_ al, (property 3).

Thus, whether we group terms or decompose them into a sum of positive terms, the
behavior does not change (or the sum, if it converges).
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5 Cauchy’s criterion of convergence

Given a sequence {a,}, we have defined its associated series ) a, as a sequence of partial sums

{S.}, where
Sn = Z a;
i=1

so the series converges if and only if {S,} does. As we saw when studying real numbers, a
sequence of real numbers converges if and only if it is a Cauchy sequence. Hence, > a, will
converge if and only if {S,} is a Cauchy sequence. This can be expressed in two ways:

a) | > a, converges < Ve >03no € N/ |5, — S| <e, Vp,q > ng

The series converges if the difference in absolute value of two sufficiently advanced partial
sums is as small as we want.

p q p
Let p > g. Then S, — S, can be written as: Z a; — Z a; = Z a;.
i=1 i=1 i=q+1

Doing in the previous expression ¢ = m and p — ¢ = t, that is, p = m + ¢, condition a)

becomes:
m-t
b) | > a, converges <= Ve > 03dn, € N/ Z a;| <e,VYm > ng, Vt € N
i=m-+1

That is, the series > a,, converges if and only if the sum of any number of terms, starting
from a given one m, can be made as small as we want by taking m sufficiently high. This
condition will be used in the first of the convergence criteria that we will see below (6.1.
Criterion of the majorant and the minorant).

Saying that this expression can be made as small as we want for an m sufficiently high is
equivalent to say that it tends to zero, if m tends to co. That is, the condition b) can also
be written as:

m—+t
Zan converges <> lim Z a; =0,Vte N
m—»00 it

6 Series of positive terms. Convergence criteria

Definition. If the terms a, are greater than or equal to zero, a, > 0, we say that > a, is a
series of positive terms (S.P.T.). In this case

n
Sp=Y 0a,0>0=8<GH< - <5 <.
i=1
that is, the sequence of partial sums is monotone increasing. Then there are two options:
a) {S,} is bounded, therefore it converges (bounded monotone increasing sequence).
b) {S.} is not bounded, therefore it diverges (its terms can eventually exceed any value).

Therefore, a S.P.T. can only be convergent or divergent, never oscillating.

Next we will study different convergence criteria for this type of series.
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6.1 Majorant and minorant

Let two S.P.T. be }_ a, and > b,. We say that > b, is a majorant of ) a, if and only if

an, < b, Vn>mn

If > b, is a majorant of »_ a,, then we say that > a, is a minorant of _ b,.

Examples.
1 1 1 1
1. is i t of > —, si < — Vn.
Zn+71sam1noran o Zn,smce <y
2.Zn+7isamajorant0fZﬁ,since, +7>ﬁVn>3

It holds that:
a) If the majorant is convergent, the minorant is convergent too.
b) If the minorant is divergent, the majorant is divergent too.
Proof. Applying the majorant condition Vm > ny, we have:

Ams1 < bm+1

ss < bvio m-t mt
m+2 > Um
. - Z a; < Z bi; Vman,VtEN
i=m-+1 i=m-+1

am—l—t S bm+t

a) By Cauchy’s general convergence criterion (section 5), it results:
m-+t
an convergent =—> Ve > 0, Elno/ Z b <e, Ym>ng, Vt €N

i=m-+1
Taking conditions (1) and (2) into account,

m-+t m—+t
dn = max(no,nl)/ Z a; < Z by <e, Ym >n,Vt €N

i=m-+1 i=m+1
hence > a,, is convergent.

b) If > a, is divergent, then > b, is divergent, by reductio ad absurdum.

Indeed, if > b, does not diverge, being a S.P.T., it has to converge. Hence, its minorant »_ a,

also converges, against the hypothesis.

6.2 Riemann series

>_an is a Riemann series if its general term is| a, = —, a >0
n

From the previous criterion and the convergence of the geometric series, it can be shown that:

‘If a > 1, then the series converges. If a <1, it diverges‘

1 1 ) ) ) 1 1
Examples. > N and > - (harmonic) diverge while > = and > 37 converge.

vn
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Proof. We write the expression of the partial sum .5,, of the Riemann series:

Since this is a series of positive terms, we can group them. We take groups of an increasing
number of terms: 1, 2, 4, 8, 16. ...

S*l—i- 1+1+1+1+1+1+1+ +1 +
T \2r 3 4 5% 6 T° 8 15%)

We now write the expressions of a minorant S, and a majorant S, of S,

;o= (Lo Ny (L Ly L Iy Yy

To2r T \4 4o g 8% 8 g 16 16)

S+—1+ 1—i—l—l-1—|-1—|-1—|-1—|—1—|— —I—1—|—

n 1¢ oa oa 4% 4% 4% 4 8a 804 et
Between them, the following relation exists, Vn > 2

S, <8, <Sf

We now study S, grouping the terms of equal value

2 4 8
S;:1+2—a+4—a+8—a+---:1+21‘0‘+41‘°‘+81“’+...

and we see that S is a geometric series of ratio r = 2'7%. If a > 1, then

l—a<0=0<2"<1

so the ratio is less than 1 in absolute value, hence S, converges (see section 2). Therefore its
minorant S, converges as well (section 6.1).

Doing the same with S,

Gl 2 4 - 1(2 4 8
n - 2a 4a 804 - 2 2a 4a 8a e

and we have again obtained a geometric series of ratio r = 2'=%. If a < 1, then
l—a>0=2"">1

so the ratio is greater than or equal to 1, hence S, diverges (see section 2). Therefore its
majorant S, diverges as well, as seen in 6.1.

Therefore ) )
>1 = — <1l=—> — di
o Z — converges, o < Z - iverges

Exercises. Taking into account 6.1 and 6.2, study the convergence of the following series

sinn 24 cosn
Z|n—”| (C); ZW (D)
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6.3 Comparison of series

Given > a, and > by, ap, b, > 0, if| lim In _ = 0| then both converge or both diverge.

n—oo n

Proof. The existence of the limit k£ means that

V€>O,E|n/

Z—m—k‘<€, VYm >n

m

that is:

k:—s<Z—m<k+s — (k—¢g)bp<an<(k+e)b,, Ym>n

From the previous relation, if > b, diverges, then Y (k — ¢) b, diverges, since its general term
is that of »_ b, multiplied by a constant. Hence its majorant > a,, diverges.

Likewise, if )" b, converges, then ) (k + €) b, converges and its minorant Y a, converges too.

We can conclude that both series converge or both diverge.

Practical application. When studying S.P.T. we can replace the general term by an
equivalent infinitesimal, without changing the convergence or divergence of the series.

Remark. When the limit of the quotient of the general terms is not a k # 0, there are two
cases in which the previous practical rule is still valid. From the definition of limit and the
majorant criterion, it can be proved that:

Qn
a) If nh_g)lo — =0 and )b, converges, then > a, converges.

b) If lim I _ 50 and > b, diverges, then Y a, diverges.

n—oo bn

Example 1.

1 1
a) The series ) tan - behaves like > - (harmonic), therefore it diverges.

1
b) The series Y. (€Y " 1) behaves like Y = (Riemann, a = 2), therefore it converges.

In

c) Let a, = —n, Let b, =

. a
= a > 1, convergent). lim — =0 =" a,, converges.

n32 ( n—o0 by,
As we can see, by combining 6.2 and 6.3 we can study the convergence of some series:
1. We find an infinitesimal a/,, equivalent to a,,.
2. If > a] has the same behavior as a Riemann series, from the value of @ we can know

whether > a,, converges.

Example 2. We study the series of general term a,,:
2n+1 2n+4+1

2 1
a) a, = sin ~ —. Since 2} — , converges (a > 1), so does ) ay.
n n

n3 n3
b) = = Ll = > ay, di i 1/2<1
an = = ~ = a, diverges, since o = :
Vian +4Inn  VAn\/1+ (nn)/n  2n'/? &
. 1 k?
Exercises. Study the convergence of: > (C); Y. ——,keR(C).

VR (n+ )7
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The following criteria (or tests) (6.4 to 6.7) are stated in two ways. The first one expresses a
condition which must be satisfied from a given term and is used to prove the criterion. In
the second one a limit is calculated and the test is easier to apply.

If the second condition holds, the first one holds too, as shown in 6.4.

6.4 Root test (Cauchy-Hadamard)

/am <k <1= ) a, is convergent (a.1)
a) |If Vm > ny
am > 1= 3" a, is divergent (a.2)
Il <1=>a, is convergent (b.1)
b) |If 3lim {a, =1<1>1= > a, is divergent :
o | =1= inconclusive (if /a, — 17, D) (b.3)

Proof. (from condition a)
a.l. If Vm > ny, %/a, <k <1, then a,, < k™, being k < 1.

Hence )’ a, is a minorant of a geometric series (k < 1 = convergent), so it is convergent.

a.2. If Vm > ng, wa,, > 1, then a,, > 1.

Hence ) a, is a majorant of the series whose general term is a,, = 1, therefore divergent.

Remark. If the second condition holds, the first one holds too. Indeed:
b.1. If lim {/a, =1 < 1, we take a value beween [ and 1 (e.g. k= (I+1)/2), hence | <k < 1.
n—o0

Due to the properties of the limits, if the limit is less than k, the terms of the series,
starting from a given one, will also be less than k, that is

Elno/ Wa, < k<1,¥Ym > ng
Then condition a.l is satisfied and the series ) a,, converges.

b.2. If lim /a, =1 > 1, the terms will be greater than 1, starting from a given one, that is
n—o0
Elno/ a,, > 1, Vm > ng
Then condition a.2 is satisfied and the series > a, diverges.

b.3. If lim {/a, = 17 (the terms tend to 1 from the right), then they will be greater than or
n—oo

equal to 1, starting from a given one, that is

Elno/ a, > 1, Vm > ng

Condition a.2 is also satisfied and the series ) a,, diverges.

Application. This test is especially suitable when a, contains nth powers. It is also valid
with factorial expressions, using Stirling’s formula.

(n)

P 1
Example. To study > 2—n, we calculate [ = lim /a, = 5 Since [ < 1, it converges.
n n—00

Exercises. Study: Z% ©: € o, v, v (o)

n3
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6.5 Ratio test (D’Alembert)

il p <1 = >~ a, is convergent (a.1)
A
a) |If Vm > ng
Gmil > 1 — 3" a, is divergent (a.2)
A,

| <1= > a, is convergent
b) |If 31lim ol _ 1 d 1> 1= a, is divergent

n—oo an

[ =1= inconclusive (if ntl 1+, D)
Qn

Proof. (from condition a)

a.l. If Vm > no, G

<k <1, then a1 < ka,,. Giving values to m, we obtain
m

an0+1 S k a‘no =
2
Apy+2 S kan0+1 S k QApyg

Adding on both sides it yields Y a, < an, (1+k+k*+...), s0 3 a, converges, since
any(1+k + k% +...) is a geometric series of ratio k < 1 (convergent).

a.2. If Ym > ny, 1

> 1, then a,,+1 > a,, hence {a,} is monotone increasing from n = ny.
m
Since ay, is positive (because the quotient exists for m = ng), we have that

A, > Gy > 0, VM > nyg

S0 a, cannot have a null limit. The necessary condition of convergence is, therefore, not
satisfied and > a, does not converge. Since it is of positive terms, it diverges.

Remark. The root law (CI1, unit III, 5.4) states that, if the limit of the quotient exists, so
does the limit of the root and they coincide, that is

If Ilim 2 = | — lim Va, =1
n—00 (A, n—00
So, if the limit of the quotient exists, the limit of the root exists too; but it may happen that
the limit of the quotient does not exist and the limit of the root does. Therefore, the root test
solves more cases than the ratio test.

Application. This test is especially suitable when the general term involves factorials and also
gives good results with nth powers.

Examples. We study the following series.

on it gntl gn P
1. > —. We calculate [ = lim = lim ———: — = lim =0<1=C.
n! n—oo n—00 (n + 1)' n! n—oomn + 1

2. YV = iy G gy VIR VR ntl 1

m-——m——:— = lim =0<1=C.
n! n—00 (@, n—oo(n+ 1) n! n—00 n n+
1 1 n
Exercises. Study the convergence of: > n_'n C); > v C); > % C); > n_' (D).
n! n" " n!
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6.6 Raabe’s test

a
m (1 - m+1> >k>1= > a, is convergent
am

a) |If Ym > ny

m (1 — am+1) <1= Y a, is divergent
Am

[ >1=>a, is convergent

b) |If Ilimn <1 _ i) )1 <1 =Y a, is divergent

A (in | =1 = inconclusive (if n(1 — a"+1) — 17, D)
Qn

(The proof may be seen in J. Burgos, pg. 456).

Remark. In this test, contrary to those of Cauchy and D’Alembert, convergence is obtained
for values of [ greater than 1 and divergence for values less than 1.

Application. This test is less used than the previous two because the expression of the limit
is somewhat more complex. It is particularly useful when there is a inconclusive case when
applying D’Alembert, since the quotient between a,,; and a, has already been calculated.

ala+1)...(a+n)
bb+1)...(b+n)

The expression of a,, suggests using the ratio test. We calculate the limit of the quotient:

Example. We study the series of general term a,, =

an, _b+n+]_ n—co @y,

Api1 a+n+1 . Qpy
e — lim =1

so it is an inconclusive case. Then, we apply Raabe’s test:

n 1 b 1— 1
limn 1_a+1 = limn 1—M = limn tnt (atn+l) =b—a
n—oo an, n—o0 b+n+1

Hence:
-Ifb—a>1 (&< b>a+1), the series converges.
-Ifb—a<1 (& b<a+1), the series diverges.

-Ifb—a=1 (& b=a+1), we arrive (again) to an inconclusive case, which we solve
replacing in the series:

1

a
2= a1 vt

1
which has the same behavior as Y —, divergent (a,, ~ a/,, see 6.3).
n
Therefore Y a, converges if b > a + 1 and diverges otherwise.

n!
ala+1)...(a+n—1)

Solution. For a > 2, it converges; for a < 2, it diverges.

Exercise. Study the convergence of the series >
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6.7 Logarithmic test

In(1/a,, .
In(1/an) >k>1= > a, is convergent (a.1)
Inm
a) |If Vm >ng
In(1/a,,
% <1= > a, is divergent (a.2)
[l >1=>a, is convergent
b) |If 3lim —ln(l/a”) —11<1= ) a, is divergent
n—oo Inn _ i . In(1/ay,) B
| =1 = inconclusive (if ——= — 17, D)
nn

Proof. (from condition a)

In (

a.l. If Vm > ny, W >k > 1, then In(1/a,,) > klnm = Inm*.

1
We raise € to the term on both sides of the inequality, obtaining — > m*.
m

1
Solving for a,,, we get a, < —, k>1, Vm > no.
m

Then ) a, is a minorant of a Riemann series (o > 1 = convergent), so it converges.

a.2. SiVm > nyg, % < 1, entonces In (1/a,,) < Ilnm.

1
We raise € to the term on both sides of the inequality, obtaining — < m.
m

Solving for a,,, we get a,, > —
m

Then > a, is a majorant of the harmonic series, so it diverges.

Remark. In this test, as in Raabe’s, convergence is obtained for values of [ greater than 1 and

divergence for values less than 1.

Application. This tests gives usually good results when a,, contains logarithms.

Examples. We study the following series:

In(1/a,) . In2mn . Innln2

1 .
1. Z W We calculate n]gg()v = rnggo o — nh}olo — _
! In(1/a, In(ln n)mn
2. Y ———, n>1. We calculate lim n(—/a) — lim M _
(hl n)lnn Jm Jim. T

lim In(lnn) =00 > 1= C.

n—0o0

In2<1=D.

lim Innln(lnn) _
n—00 Inn

1 1
Exercises. Study the converge of: > M)’ n>1(D); > (i’ n>1 (D).
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6.8 Condensation test (comparison with > 2"asn)

Each one of the previous tests 6.4 to 6.7 is especially appropriate in certain cases (a, with
nth powers, factorials or logarithms, or when we get an inconclusive case by D’Alembert). The
condensation test is sometimes able to solve inconclusive cases after applying some of these four
tests. Therefore, it will generally not be the first one that we apply.

If {a,} is a monotone decreasing sequence, the following holds:

> a, converges if and only if > 2"asn converges

and the same can be said about divergence.

Proof. We want to find a majorant and a minorant of )" a,. To do it we take into account
the following:

1. Since ) a, is a S.P.T. we can group terms without affecting the convergence.
2. Being {a,} monotone decreasing, we have that a; > ay > a3z > ...
Then:
Zan = a1+ (ag +a3) + (ag +as + ag +ar) + (ag + -+ ais) + ...
D an > ay+(as+as) + (as + as + as + ag) + (arg + -+ asg) + ...

Y an < a1t (aataz)+ (ast+as+as+as)+(as+--+ag)+ ..
Grouping the equal addends in the above expressions, we get
s + 2a4 + dag + - - - < Zan < ay+ 2a2 + 4a4 + 8ag . . .
that is ]
3 Z 2"%agn < Zan <a;+ Z 2" agn
From these inequalities we deduce (from the majorant and minorant criterion):

1. If >~ 2"™agn converges, so does > a, (which is a minorant).
1
2. If >~ 2"agn diverges, so does 5 > 2"agn, then Y a, diverges (it is a majorant).

Hence both series converge or both diverge.

Remark. To obtain the general term of the series > 2"agn, we replace n by 2™ in the general
term and multiply it by the factor 2.

Examples. We study the following series.

1 1 1
>

1
omlmon > >~ —, which is divergent.

n1n2:1n2 n

| R S .
2 Z\/ﬁln(lnn)‘ 22t = 2.2 V27 In(In 27) _Zln(nln )—Zlnn+1n(ln2)’

which diverges because its general term tends to co.

. W that A
T, We see tha >

1 1
vnlnn (D); Zn(lmn)2 (©):
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7 Series of positive and negative terms

We have studied the series of positive terms. To study those that contain negative terms, we
will distinguish the following cases:

a) If all the terms of a series are negative, we can take the minus sign as a common factor
multiplied by a S.P.T., that can be studied by the criteria seen for this type of series.

b) If there is only a finite number of negative terms, they do not affect the convergence. They
can be added apart and study the resulting S.P.T. (property 1 of the series, section 4).

c¢) Similarly, if the terms are negative, except for a finite number of positive terms, we take
the minus sign as a common factor and obtain a S.P.T., with a finite number of negative
ones (case b).

d) Thus, the only type of series that raises new problems is the one with infinitely
many terms of each sign. To study it, we will first give some definitions.

7.1 Absolute and unconditional convergence and divergence
Given a series Y a,, we will say that it is:

a) Absolutely convergent (divergent) if and only if the series >’ |a,|, formed by the
absolute values of the terms is convergent (divergent).

b) Unconditionally convergent or divergent if and only if, when rearranging its terms,
the series remains convergent or divergent; and the sum does not change if it is convergent.

Otherwise the series is said to be conditional.

We will study the convergence of > a,, by decomposing its partial sum

n
Sn = E a;
i=1

into positive and negative subseries. For this, we define:

+ a; a; >0 _ a; a; <0
a. = 7 a. =
0 w<o 0 @>0
In this way each a; can be written as the sum a; 4+ a; . We are doing this to decompose a sum

of n terms into two sums of n terms, S;" and S, , in each of which we replace by zero those that
are not of the corresponding sign.

Thus

n n

5= w3 a2y S O3 a3 Jar| 25t - s
=1

i=1 i=1 i=1 i=1 i=1
where we have taken the following steps:

1. We decompose a; = a; + a; .

2. We split the sum of n pairs of items into a pair of sums.

3. We take into account that a; = ‘aﬂ and a; = — ‘a-_‘.

(2

4. We represent the sums of the ‘aﬂ as ST
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Once S, is decomposed, we notice that the ST do not contain negative terms, so they satisfy
two conditions:

1. They either converge or diverge (they cannot be oscillating).

2. They are unconditionally convergent or divergent (we can reorder them without affecting
neither the convergence nor the sum).

There exist the following options: that both converge, that only one diverges, or that both
diverge. Thus, taking limits in each case, it results

a) S — Stand S; — 57 = lim S, = lim (S — S;) = 5T — S~

n
n—oo

The series converges unconditionally to St — S—.

b) S — 4ocoand S, - S~ = lim S, = lim (S} — S,,) = +oc.

n
n—oo n—oo

The series diverges unconditionally to +oo.

¢) S — ST and S, = +oo = lim S, = lim (S} — S;) = —oc.

n—o0 n—0o0

The series diverges unconditionally to —oo.

d) St — oo and S, = oo = lim S, = lim (Sj{ — S‘) =7 (indetermination oo — 00)

n
n—oo n—oo

The series can converge, diverge, or oscillate (see examples below).

That is, only in the first case the series converges unconditionally and only in the
first three cases is unconditional.

Examples of case d. Three series are shown below that are decomposed into divergent sub-
series. The first case is an alternating series that converges by Leibnitz’s theorem (7.4). In the
second case, taking either an odd or an even number of terms, the partial sums tend to co and
the series diverges. In the third, taking an even number of terms, the partial sums are null; and,
taking an odd number, they tend to infinity; therefore the series oscillates. This shows that the
indetermination co — oo in the decomposition S;' — S, can produce different results.

o (St =1+1/3+1/5+...
1)1———1—5—1—#——— .—In2, being
| ST =1/2+1/4+1/6+ ...
. . (St =14+2+3+...
2)1—1+2—§+3—§+—>OO, being
(ST =1+1/2+1/3+...
00
3)1-14+2-2+3-3+... — being both subseries 1 +2 43 + ...
0,

Exercise. Find three series, one convergent, another divergent, and the third oscillating, whose
positive and negative subseries are divergent.
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7.2

Riemann’s theorem

As we have seen, if the two subseries diverge, the resulting series can be of any type. The
following theorem shows that, by properly rearranging its terms, we can make it diverge, oscillate,
or converge to any sum we want.

Theorem: Let > a, be a series such that the positive and negative subseries Y al y > a, are
divergent and a, — 0 when n — oco. By rearranging its terms we can make it diverge, oscillate
or converge to any sum we choose.

Proof:

a)

b)

Divergent. To form the rearranged series we proceed as follows:
- We take positive terms, in the initial order, until their sum exceeds twice the absolute
value of the first negative term. We then take the first negative.

- Then we take positive terms, in the initial order, until their sum exceeds twice the
absolute value of the second negative term. Next, the second negative.

- And so on...

The process can be repeated indefinitely, since the positive subseries diverges, so the sums
of the groups of positive terms that we are taking can exceed any value. It results:

doay=af +ai +-+al —|ar|+al, +Hal ey |+ > far| + oz |+

v~

> 2 af | > 2oz
In this way, the rearranged series is a majorant of a divergent one, then it diverges.
Oscillating. We choose ky, ko / k1 < ko and, always maintaining the initial order,
- We take positive terms until their sum exceeds k. Negative terms follow until the

total sum is less than k;.

- We take more positive terms until the total sum exceeds k5 again. And negative terms
until the total sum is less than k; again.

- And so on. ..

In each cycle, the absolute value of the difference between the partial sum and the corre-
sponding value kq or ks is less than or equal to the absolute value of the last term added.
Being a,, — 0, the partial sums can get as close to k; or ke as we want, so the series
rearranged in this way is oscillating.

Convergent. We choose the value S for the sum. Maintaining the initial order:
- We take positive terms until the value S is exceeded. Then negative terms until the

total sum is less than S.

- We take again positive terms until S is exceeded and then negative terms until the
total sum is less than S.

- And so on...
In each cycle, the absolute value of the difference between the partial sum and the value

S is less than or equal to the absolute value of the last term added. Since a, — 0, the
partial sums can get as close to S as we want, so the reordered series converges to S.

Remark. Notice that in the first case we have not used the a,, — 0 condition.
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7.3 Dirichlet’s theorem

> ay is uncondicionally convergent if and only if it is absolutely convergent.

Proof: To prove the theorem we will see that both the unconditional and the absolute con-
vergence of the series are equivalent to the convergence of the subseries of positive terms Y |a; |

and Y |a|.

a) Unconditional convergence: In section 7.1 we studied the unconditional convergence of
a series of positive and negative terms, analyzing the four possibilities for the convergence
of the subseries

We concluded that the series is unconditionally convergent if > |a;| and >’ |a,, | are con-
vergent and only in that case.

b) Absolute convergence: The series of absolute values ) |a,| will converge if and only
it Y laf| v > la, | are convergent. Indeed, decomposing the general term |a;|, the series
becomes the sum of two subseries:

n n

S o =3 (at| + Ja ) =z |ar>+§ ]

i=1 i=1
Then, since both addends are series of positive terms, we have that

- It Jat| v DC |a, | converges, then Y |a,| converges to the sum of both.

- If > |a,| converges, then both > |af| and > |a, | converge. Otherwise, one of the
two would diverge and >’ |a,| would then diverge, against the hypothesis.

Application. Thus, the theorem indicates the first step that we should take to study the
convergence of a series of positive and negative terms: to analyze the series > |a,|.

a) If > |a,| converges, > a, will be unconditionally convergent, so we can rearrange it, de-
compose it into positive and negative subseries, etc.

b) If > |a,| diverges, we check if only one of the two subseries does, in which case > a,, will
diverge unconditionally.

c¢) If, in addition to ) |a,|, both subseries diverge, we can only study a partial sum S,, or
apply the Leibnitz’s theorem, if certain conditions are satisfied (see 7.4).

In this case of divergent subseries, if in addition a,, — 0, the series can converge, diverge
or oscillate depending on the order we give to its terms (Riemann’s theorem). For this
reason we must study it in the order given in the statement.

Remark. The theorem states the equivalence between absolute and unconditional convergence,
while it does not say anything about absolute divergence. In the next section we will see examples
of absolutely divergent but conditionally convergent series.

Exercise. Prove by reductio ad absurdum that, if > a, is unconditionally divergent, then it
s absolutely divergent.
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7.4 Alternating series. Leibnitz’s theorem

We call alternating the series whose terms are alternatively positive or negative. Its general
term has one of this two expressions:

(=1)"ay, or (-1)"a,

We are going to study a particular type, in which the absolute value of the terms is decreasing.
A partial sum S,, will be:

Sp=a;—ay+as—---+(=1)""a,; a, >0,Yn; {a,} monotone decreasing

The Leibnitz’s theorem (alternating series test) is useful to study the convergence of these series:

Leibnitz’s theorem. Any alternating series of decreasing terms in absolute value, such that
its general term tends to zero, is convergent.

Remark. It is shown that the sum of the series lies between any two consecutive partial sums.
Therefore, when taking the value of a partial sum S, as the sum S of the series, the error made
is less than or equal to the absolute value of the first neglected term, that is a,1.

Example 1. The alternating series of the inverse of the even numbers:

(-t 1 1 1 1 < 1
LS A T T :—1@
> om 5 176 8" S=5Mn

Ejemplo 2. The alternating series of the inverse of the odd numbers:
(—1)nt! 1 1 1 s

e —l-c+i-c+.. (5=3)
Z 2n —1 3 * 5 7 * 4

Example 3. Calculation of Euler’s constant v. To do it, we study the convergence of the
following alternating series

3 w3 ot ottt d
an: —n— ——n— ——n— PR __n
1 2 2 3 3 n n n+1

We check that the conditions of the theorem are satisfied:

a) It decreases in absolute value. The sequence (1 +1/ n)n is monotone increasing of limit €,

while (1 +1/ n) " is monotone decreasing, with the same limit. So, Vn € N, it holds
1\ " 1\" 1 1
14— >e>(1+—-) = h+1)hn(l+=-)>1>nh(l+—-) =
n n n n
1 1 1 1 1 1 1
—>In(l+— ) and In{1+—| > = |—>n{l1+—-) >
n n n n+1 n n n+1

b) The two expressions of the general term tend to 0, hence a,, — 0:

1 1
mnm(”+ )ley—:0::IMWn:0
n—oo n n—oo M, n—oo

As a consequence, the series ) | a,, converges. We denote their sum by v (Euler’s constant).
The theorem assures us that we can obtain v with the desired precision, provided we add
a sufficient number of terms. Its value is v = 0.577215. ..
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Application. Sum of the first n terms of the harmonic series.

The harmonic series is divergent. To obtain the value of the sum of its first n terms, we do the
following: 1) we take the first 2n terms of the series of Example 3; 2) we separately group the
positive and negative terms; 3) we denote the sum of the first positive n terms by H, and 4)
we include the negatives in a single logarithm and simplify, that is

2 1 1 1 1 1 1
Sgn:1—lnI+——ln§—|—---—i———lnn+ :(1+—+--~+—)—111(2-5..”+ )

2 2 n n 2 n 1 2 N
?{rn ln(:lfi-l)

As we saw in Example 3, the sum of this series is 7. Hence its partial sum Ss, will be equal to
the value of its limit v plus one infinitesimal 6,,. On the other hand, as we have just seen, Sy,
can be written as the difference of H,, and In(n + 1). Thus

lim Sy, =7 = Sop, =7 +6,=H, —In(n+1)

n—oo

Solving for H,,

1
n+7—|—9n:1nn+
efn

1
Hnzln(n—kl)—i—y—i—ﬁnzlnn+ +hnn+~vy+60,=lnn+~y+6,+6,

Grouping 6, and 6/, into a single infinitesimal ¢, we obtain the value of the sum of the first n
terms of the harmonic series

1 1
H, = <1+—+---+—) =Inn+vy+e,
2 n

This expression tells us that H, is an infinite equivalent to Inn. It also will be useful to sum
some types of series (section 8.2) and to solve limits formed by a number of addends that tends
to oo, as we will see below.

1 1 1
Example 1. We calculate L = lim + 4+ 4+ —.

We notice that the denominators are formed by the consecutive natural numbers from n + 1 to
2n, so we can write the sum as the difference of Hs, and H,,. Then,
L= lim (Hy, — H,) = lim (In2n +y+¢e3, — [Inn+vy+e,]) = JLH;O(IBQ + 9, —€p) =12

n—00 n—00
In2+Inn

n—oo \ 1+ 1 n+2

Now the denominators are the consecutive natural numbers from n + 1 to n?, so we can write
the sum as the difference of H,> and H,,. It results

1 1 1
Example 2. We calculate L = lim ( + + -+ —2>
n

L= lim (Hp—H,) = lim (In(n®)+y+e, —lnn+y+e,)) = lim (Inn+e, —¢,) = o0
n—oo

n—oo n—oo

1 1
Exercise 1. Solve the limit: lim + +---+—) (L=In3).
. o 1 1 1
Exercise 2. Solve the limit: lim + +--+ =] (L=00).
n—oo \n?+1  n?2+42 n3
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8 Methods for the summation of series

In this section we will study different practical methods to sum some series.

8.1 By decomposition

We apply this method to series whose general term can be decomposed into the sum of others,
which are often simple fractions. It consists in taking a partial sum, decomposing its terms,
simplifying the resulting expression of S,, and calculating its limit.

a. Telescopic series. They are a particular case of series, in which a,, can be written as
ap = bn - bn+1

Thus, S,, becomes

Sn:zaz Z _H—l —bl %+%_%+"'+M_%+%_bn+l:bl_bn+1
=1

Therefore

S=1lmS, =b — hm bn+1

n—oo

Example 1. Find Z

n=2

1
pCR— First we see that a,, ~ por convergent (Riemann, a > 1).

1 1 1
We decompose the general term: a, = = — =
nn—1) n—-1 n

so it is a telescopic series. We simplify .S,

S”:ii (@il_%>:1_/12/+7]2Z_%+"'_;/i1+;/i1_%:1_%

2

We calculate the sum
S=1Ilm§S, =1

n—oo

VAFT- Vi
V2n?2 +2n
1\/n+—\/_1(i_1)
B EviTT VB\Vm Vel

hence it is a telescopic series. Operating as in Example 1, we get S =1/ V2.

Example 2. Calculate Z . The general term is decomposed into

Ay —

Remark. To study the convergence, we can multiply the numerator and the denominator by
the conjugate of the numerator, (\/n +1+ \/ﬁ) We obtain an infinitesimal equivalent to a,,:

, 1 1
a, = ——=—7>
T2y’
which corresponds to a convergent series (Riemann, o = 3/2 > 1). If the statement does not ask

for it and we only want to obtain the sum, it is not essential to do this, because when calculating
the limit of 5,, we will know whether it converges or not.

oo

Exercise. Find the sum: a) Z dnt 1 (S=2). b) Z =3 (S =+/3).

2 2
« n*(n+1)
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b. Decomposition into simple fractions. If the general term is formed by a quotient of
polynomials

o )
we decompose it into simple fractions and simplify .S,,. We will see examples of two of the most
common cases.

k<l

Example 1. To calculate Z , we first decompose a,, by identifying the coefficients:

nd—mn

n—2 A B C 1 3
_ Z A=—= B=2C=-2
(n—1)n(n+1) n—l—i_n—i_n—i—lz> 2’ C 2

Ay —

We notice that the coefficients add up to 0. The reason is that the degree of the numerator is
equal to 1; so, after making common denominator, the coefficient of n? in the numerator of the
right-hand side (that is, A+ B + C) is zero.

To obtain S,,, we will decompose the sum of the terms a; into three different sums. To ease the
simplification we denote by H,, the sum of the first inverse of the naturals

"1 1 1 1
H, = S T A
P AR RN

Then

& /2 2 3/2 I~ 1 1 3 1
Sn: - 7 - T = — 3 . 2 - T 5 . -
,2( z—1+z z+1) 2222—1+ — ¢ 2~ 1+1

P i= i=2 =2
Al ) e (G ) S (e )
2 2 -1 2 3 n 2\3 4 n+1
R e P

Taking limits, it results S = 7}1_{1;10 Sn =1/4.

2

Example 2. Flndz2 - n2’ knowing thatz =5

We decompose ay,, se%aratlng the three resultmg terms into two parts:
o -+ A B ¢ _ 1 1 1 _( 1 _l)_i
"T2n—1 n n? n—-1 n n? n-1 \n—-1 n n?

We obtain S,, and take limits

S”:izn;(i—ll_%>_.n lﬁ(“%*% i *%‘%)‘(i%‘l):

1 1 2
1—— 1— — S=1lmS,=2— — =2 —
+ Z lim S, > ;

n=1

n+2 = 1 72

Exercise. Find the sum: a) Z (S=5/4). b) Z m (S = 5 1).
n=1
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8.2 From the harmonic series

The harmonic series is divergent, but we can use it to sum different series of positive and negative
terms. As in the previous section, we denote the sum of its first n terms by H,,, whose value
(see 7.4) is

"1 1 1 1
n E_ ; —|—2+3+ —I—n nn+vy+ée,

If we consider the first 2n terms, Hs,, its sum is
2n

1 1 1 1
Hypo=3Y ~=1+4_++ -+ = .
2 2 togtgt o to n(2n) + v + &2

We represent by P, the sum of the first n inverses of the even numbers and obtain its value:

"1 1
Pn: _—= -
5 9"

i=1

1 11 1 1 1 1
4= (14+Z4+...+xZ)=2H P =_(1 !
1Tt 2(+2+ +n> 51 = | P 2(nn+7)+en

I,, is the sum of the first n inverses of the odd numbers. To calculate its value, we take the first
2n terms of the harmonic and eliminate the first n inverses of the even numbers (P,):

1 1 1 1
I,= =1t = Hy,— P, =In2 . — =0 =
;21,_1 tot g = n2n + 7y + e {Q(Hn—i—v)—i—&n}

1 1
—(Inn+~) —¢, = |1, :ln2—|—§(lnn+7) +el

In2+ (Inn+7v) + e, — 5

Thus, H,, I, and P, are divergent. It is important to note that the subscript indicates the
number of terms, while the type (inverses of natural, odd or even) is given by H, I or P.

Example 1. Sum of the alternating harmonic series.

0 n
S A VR N

n=1

We take 2n terms of the series, of which n will be from I,, and the other n from P,:

Son =1 1+1 ! ! 1+1+ + 5 ! ) <1+1+ +1)—
Ton—i T 2 4 on/
I, — P 1n2+;)/n/+8” —yn/n/—a :>S—hm5’2n In2
1
Example 2. Sumofl—————i— ————— —|———————|—---

2 4 3 6 8 5 10 12
We see that the terms follow a certain pattern, which is repeated every three terms, so we take
3n terms, that is, n groups of 3. In each group there is one inverse of an odd number (+) and
two inverses of even numbers (—), so there will be n odd and 2n even in total. Hence:

1
Sy =1, — Py, =In2+ = (1nn+7)+61——(1n2n+7)—82:>S—l1m83n:§1n2

n—oo

1

1 1 1 3
ot — =4 (S="In2)

1 1
E ise. Fi h mof: 1+ - — )
xercise ind the sum o + 479" 11 &6 2

1,11
3 25 71
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8.3 From the series expansion of ¢*

P
The sum of ) k('n ) a", where Py(n) is a polynomial of degree k and «a € R, can be obtained
n

from the series expansion of €*

0
n IO Il $2 $3

w r_xr zr T T
e_zon!_0,+1l+2'+3‘+

which will be studied in the next unit but is assumed to be known here.

Convergence. The parameter a can be negative, so we study |a,|:

f}(n~+—1) o
Pi(n) n+1

Qp+1
G,

lim

n—oo

= lim

n—oo

= lim

n—oo

‘ P.(n+1)a™  nl

=0<1
(n+ 1) Py(n)a" ‘

hence, Ya € R, convergence is absolute, therefore unconditional (Dirichlet’s theorem).

Sum. To simplify numerator and denominator, we write Py(n) as follows
Pi(n) =Ag+Ain+Aonn—1)+--+ Aen(n—1)-- [n— (k—1)]

whose last addend -with k factors- has degree k. Now we decompose the general term Py (n)/n!
into k + 1 addends, so the series becomes a linear combination of convergent series, which we
will add using the expansion of €7.

In case that the denominator is not the factorial of n, but of n £ p, the polynomial Py(n) will
be decomposed into a linear combination of products of decreasing factors starting from n + p.

2 1
Example. We calculate the sum Z w 2",
n!

We descompose Py(n): 2n? +n—|—1—A—|—Bn—|—C’n(n—1):A—l B =3, C =2. Then

an:1+3n+2n(n—1)2n:i2n+3_n2n+2n(n—1)

277,
n! n! n! n!

with which
2! i 2 i(i—1)2" &2 "L 2 "L (i —1)2°
Z(;_! Z;_' Z; : il :;EJF?’;ZTJFQZ;” il

(the addends with a null numerator have been eliminated in the second and third summations).

Simplifying the factors of the numerator with the factorials, we get

Sn:ZZ'+3 Z (1 —1)! 2 22 (1 —2)!

=0

where the three summations have the same terms, — + — + — -+ ---, and tend to €2. Thus

i—2

=, 2 > gl . 2
S = lim§S, = Z 46 ——4+8) = e2+66e2+8€2 =156
o ;¢!+;(¢—1)!+;(¢—2)! ot

= n’ 1 = 2n%+1
Exercise. Find a) E w (S=4e—-1); b) E (nT—;)'?)” (S=e-2)
n! n !
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8.4 Hypergeometric series

Definition. A series is hypergeometric if its general term satisfies the condition

Gt _ O D S0y £ 0)

an, an—+ 7y

Convergence. We study it by applying the Raabe’s test.

. Ung1) . an+ Y\ . Y-8\ _ v—0
limn|1-— = limn|1-— = limn =
n—00 Qn, n—00 Ozn—}—’y n—00 an+7 (0%

S [ 8 > 1= , the series converges.

«

B (. P <l= , the series diverges.

«

v—p8

«

- If

=1= , it is an inconclusive case (as we will see below, it diverges).

Sum. If o+ § < v, we obtain the sum using the condition of hypergeometric series

vl :ozz—i—ﬁ = a1 (@i +7y) =a;(ai+f) Vie N

a; ot +y
Giving values to i:
=2 az(2-a+7)=ax(2-a+pB)

i=3: ai(3-a+7)=a3(3-a+p)

i;n— 1: an((n— 1)0(‘—|—fy) = a, 1 ((n— 1)a+ﬁ)
an (na+ B) = a, (na+ B) (we add an identity)

We simplify the o on both sides and add the resulting equalities. If S, is the sum of the first n
terms, we obtain:

(Sp —a1)y + ap(na+ B) = Sp(a+ p) =

Sh [7 — (a+ 5)} = a1y — ap(na + ) = (1)
B avy _an(na + B) o
S = a1 ) i Py (y=(a+B)#0) (2
bn

As we assume that o + § < 7, the series converges, so

. ar?y .
dS=IlmS,=————— limb,

Since S exists, the lim b, must exist. We will see that it is null by reductio ad absurdum.
n—oo
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Let us assume that the limit of b, is not null. Operating from (2) we obtain for b, the expression

b _ay(na+p8) 1 (a 1 >
"= (a+h) y—(a+p) " na+p

1 1
li bn:— li n =k 0
e e (a na—l—ﬁ) 7

and taking limits

Since the series

diverges by comparison with the harmonic, > a, would diverge too (see 6.3), against the hy-
pothesis.

Thus we conclude that b, — 0 and the sum of the series is

a
S = 17

m (iffa+p<7)

Study of the inconclusive case. To solve the case a + = ~, we consider the equality (1)
in the previous page. The left member is null and solving for a,,, we obtain

1
+p

0=a1y — ap(na+ fB) = a, = a1y
no
which corresponds to a divergent series.
Example. We calculate the sum of the following series, whose convergence was studied in
section 6.6. -
Z a(a+1)---(a+n)
b(b+1)---(b+n)

n=1

Simplifying the quotient
Gni1 ~at+n+l nt+a+l

an, " b+ntl ntb+l
we see that the series is hypergeometric, with

a=1, =a+1, y=0+1
As we know, the series will converge if
y>a+pf<=b>a+1
To calculate the sum, we first obtain a; and replace in the formula of S.

a(a+1) B ary a(a+1) b+1 ~afa+1)
b(b+1) :>S_fy—(oz+ﬁ) bbb+ b+1—(a+2) bb—a-—1)

a)p =

Exercise 1. Calculate the sums of the following series, checking first that they are hypergeo-
metric (they can also be solved as telescopic).

[e.e]

2% oy (071 DL mmey (573)

n=1

Exercise 2. Study the convergence and calculate the sum of

[e.e]

n! 1
Ifa>2, it to S = ——
;a(a+1)-~-(a—|—n—1) ( a , it converges to a—2>
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8.5 Convergence and sum of a series. Summary

To finish this section, the main steps that should be taken in the study of the convergence and
sum of a series are shown below.

Series of positive terms. If > a, is a series of positive terms, we apply one of the criteria
studied, trying to use the one that best suits the type of series in question. To sum it, if it
converges, we can rearrange its terms, group them, or decompose them into a sum of positive
terms, since the sum does not change (properties 3, 6 and 7 of the series).

Series of positive and negative terms . If the series has infinitely many positive and
infinitely negative terms, the first step is to study the series > |a,|, which gives us two possible
results:

a) Convergent. The series is absolutely convergent, so it is unconditionally convergent
(Dirichlet). This allows us to rearrange or group its terms, e.g. separating positive from
negative.

b) Divergent. If only one of the two subseries (positive or negative) diverges, the series
diverges unconditionally to +o0o (section 7.1). If both diverge (the most frequent case),
we distinguish two options:

b.1 If it is an alternating series, we apply Leibnitz’s theorem.

b.2 Otherwise, we resort to the general method: to take a partial sum S,, (where we can
group, simplify, etc.) and study its limit.

Remark. In both cases (whether alternating or not), if there is convergence, it is condi-
tional (it holds for the given order of terms, but may not hold for others).

Particular case. Sometimes, to sum an absolutely convergent series, we decompose its general
term a, into sums or differences of terms (b, + ¢, = ...). By doing this (decomposition into
positive and negative terms), the resulting series no longer has to be absolutely convergent and
we have two options.

a) If the terms b, ¢,, ... correspond to convergent series, we apply the property 5 (“the c.l.
of convergent series converges to the c.l. of the sums of the series”). Since the series > a,
is a linear combination of > b,,> ¢, ..., its sum will be S, +S. 4 ..., being Sy, S,, ...
the sums of the series Y b,, > ¢y, ..., respectively.

b) If two or more of the terms b, c,, ... correspond to divergent series, we must analyze
Sp, applying one of the methods studied: telescopic , decomposition into fractions, series
I, y P,, etc. In any case, we cannot sum the different subseries Y b,,, > ¢,, ... separately.

1
Example: )’ m converges by comparison with > pox To sum it, its general term

1
is decomposed into — —
n o n

can be calculated as a telescopic series or from the sum of n terms of the harmonic series.

(difference of general terms of divergent series). Its sum

Exercise. We have studied the cases a) (all convergent) and b) (two or more divergent).
Reason that it cannot happen that only one of the terms b,,c,,... corresponds to a
divergent series.
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9

9.1

Self-assesment exercises

True/False exercises

Exercise 1 Decide whether the following statements are true or false.

10.

11.
12.

13.

14.

15.

. The series >

n

.S, = Z a; is a partial sum of Y a,. The series diverges if and only if lim S,, = +oc.

- n—00
=1

. A geometric series converges if the ratio is less than 1.

. If lim a, # 0, the series is divergent.

n—oo

. We group the terms of a series of positive terms »_ a,, obtaining > al/. Whether > a,

converges or diverges, > a/ does the same.

If a series converges, the sum of any number of consecutive terms, starting from a given p,
tends to zero if p — oo.

. If a series does not have negative terms, it can only converge or diverge.

. We say that > a, is a minorant of »_ b, if and only if a, < b,, Vn.

: : L. : :
The harmonic series ) . — satisfies lim a,, = 0, so it converges.
n n—oo

1
——— is convergent, since the exponent of n is a =2 > 1.
vn?+1
The series > 3"/n3 satisfy the necessary condition of convergence, but is divergent by the
root test.

If the limit of the quotient test exists, the limit of the nth root exists and they coincide.

If D’Alembert’s test does not solve the character of a series, it does not make sense to
apply Raabe’s and it is preferable, in general, to use Cauchy’s.

1
To know the character of ) @ it is necessary to apply the logarithmic criterion.

According to the condensation test, the series > a, and ) 2"as. both converge or both
diverge.

Study the convergence of the following series:
15.1.- > L > 1
d->) —, «
an’

1
152- S —, a>1
na

1
15.3.- —_—
2. Inn
1
15.4.- _
Z n—+lnn
1
15.5- > S

1 1 1
15.6- 3. \/27:2 SayE =2 2y
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Exercise 2 Decide whether the following statements are true or false.

1. Let a series be 3" a,. Let a partial sum be S, = Y"1 a; = > 1 |a; | = X7 |a; | = S} — S,

> a, converges unconditionally if and only if S;" and S, converge.
2. If " a, is absolutely divergent, then it is unconditionally divergent.

3. The series > (—1)""!/Inn, n > 1 is absolutely divergent, therefore we cannot guarantee
anything about its convergence.

Qr(n)

decomposition into simple fractions.

5T 1+1+1 1+1+1+1 1+1+1+1 1
. To sum T e T
o5 3 2 7 11..9 4 13 17 15 6
the partial sum of 4n terms, which is equal to that of I3, — P,.

4. The series of general term a, = are convergent and their sum can be obtained by

. we calculate the limit of

P
6. To sum ) (nST(T;))" we have to perform the decomposition:

Pi(n)=A+B(n+3)+Cn+3)(n+2)+D(n+3)(n+2)(n+1)

7. Study the convergence of the following series finding, if possible, their sum and justifying

it briefly:
-1
71y —
2 n
1 1
7.2. — =
>~ (x/ﬁ \/n+1>
73 14 1 n 1 1 1 1 1 . 1 1
2 4 3 6 8 5 10 12
1 1 1 1
T4 1l-cd - — 4 = —

9.2 Question

Let Y a, be a series of positive terms. What can we say —and why— about whether > a,, is
convergent, divergent, oscillating, conditional, unconditional?

9.3 Solution to the True/False exercises

Exercise 1.
1. F. The series diverges if and only if Jim |Sn| = o0.
2. F. A geometric series converges if the absolute value of the ratio is less than 1.
3. F. If nll_{rolo a, # 0, the series does not converge, hence it can be divergent or oscillating.

4. T. Property 7 of the series.
5. T. Cauchy’s criterion of convergence.

6. T. The series of positive terms never oscillate.
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7. F. We say that ) a, is a minorant of ) b, if and only if a, < b, .

8. F. The condition lim a, = 0 is necessary for convergence, not sufficient.
n—oo

1
9. F. The condition @ > 1 is for the Riemann series > —. In this case, a, ~ 1/n, so it
/rLOé
1
diverges as > — (harmonic).
n

10. F. The series Y 3"/n3 does not satisfy the necessary condition of convergence (a,, 4 0),
although it is true that it is divergent by the root test.
11. T. From the “root law”.

12. F. The Raabe’s test is especially suitable for solving cases that are inconclusive by the
quotient test.

13. F. It suffices to see that a, = Riemann series, o = 2 >1, convergent)

eln(nQ) - ﬁ (

14. F. If {a,} is monotone decreasing, the series Y a, and ) 2"ag» both converge or both
diverge.

15. Study the convergence of the following series:

1 1
15.1.- Y. —, a > 1: C, geometric series of ratio — < 1.
a’ e}

1
15.2.- 37—, a > 1: C, Riemann series, a > 1.
n
1
15.3.- > o D, majorant of the harmonic.
nn
1
154.- > ————

n+lnn
1
15.5.- > ETTE C, by the logarithmic test.

1 1 1
156 ¥ ==Y 55=% V)

1
: D, a, ~ —, divergent as the harmonic.
n

—: C, by the root test.

Exercise 2.
1. T. See section 7.1.

2. F. For example, the alternate harmonic Y (—1)""!/n is absolutely divergent. But it
converges (conditionally) to In2. On the other hand, from Dirichlet’s theorem it is shown
that, if a series is unconditionally divergent, it is absolutely divergent.

3. F. It is alternate, the terms decrease in absolute value and a,, — 0. Leibnitz’s theorem
assures that it is convergent in the order given by the statement (conditionally convergent).

4. F. If the numerator and denominator have the same degree, the general term does not
tend to zero, so the series does not converge.

5. T. We calculate the limit of the partial sum of 4n terms. In each group of 4 terms there
are 3 positive (inverse of odd numbers) and one negative (inverse of an even number), so
in Sy, we have 3n positive (inverse of odd numbers) and n negative (inverse of an even
number). We see that Sy, = I3, — P, and, simplifying and taking limits, we obtain for
the sum the value S = In(2v/3).
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6. T. See section 8.3.

7. Study the convergence of the following series finding, if possible, their sum and justifying

it briefly:

Ll . . .
7.1. Z —: It is the harmonic multiplied by —1, so divergent to —oc.

n

n=1

7.2 N ! ! It is tel ic, si b, — b It tial i
2. — — : It is telescopic, since a,, = b, — b,+1. Its partial sum is
— \/ﬁ /—n T 1 p +1 p
1 1 1 1 1 1 1 1
S, =— — = limS, =1

:ﬁ—ﬁ—l—ﬁ—%—i-...%—m \/T \/Tl——i-l n—00

The series converges (in the given order).

73 _1 11 1 1 1 1 1 1 .

3. +2+4 3+6+8 5+10+12
We take a partial sum of 3n terms. In each group of 3 terms there will be one neg-
ative and two positive. The denominators of the negative terms are consecutive odd
numbers, while the denominators of the positive ones are consecutive even numbers.
Then, in S5, there will be n inverses of the odd, negative, and 2n inverses of the even,
positive. We have: Ss, = —I,,+ Py, and we obtain for the sum the value S = — In v/2.

1 1 1 1
74.1— 3tg g ter It is a geometric series of ratio r = —1/3, |r| < 1, therefore
= 3/4.

a
convergent. Its sum is S = ] !

—T

9.4 Solution to the question

If > a, is a series of positive terms (a; > 0 Vi € N), then the sequence of its partial sums
Si=a1; So=a1+as; ... Sy, =a1+as+...ay;

verifies
S1 <8< <5, <5<

that is, it will be monotone increasing. If it is bounded, the series will be convergent (since
every monotone increasing sequence bounded from above is convergent). Otherwise, it will be
divergent to +oo. That is, a series of positive terms is never oscillating.

On the other hand, property 6 of the series says that “if we alter the order of the terms of a
series of positive terms, the behavior does not change, nor does the sum if it is convergent”.
This means that the series of positive terms are always unconditional.

We can therefore affirm that > a, can only be unconditionally convergent or unconditionally
divergent.
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Unit IV. Sequences and series of functions qro.m

1 Sequences of functions

1.1 Distance between functions

Let (I, R) be the set of bounded real functions defined on an interval I C R.
Given f,g € F,(I,R), we define the distance between them as

d(f,g) =sup|f(z) —g(z)|, z €1

that is, the supremum of the point-to-point distances between them, when x takes values on I.
With this definition of distance, it is verified that F(I,R) is a metric space.

Example 1. The distance between f(z) =a+ 2 and g(z) =b+z is d(f,g) = |a — b|.

1

Example 2. The functions f(z) = T and g(z) = T verify:
| f(z) ()] = ’ d(f.g) = =3
T T = su
g 1+ 22 9 p1+:c2 2R

This value is reached at z = 0, so in addition to the supremum it represents the maximum.

Remark. The supremum is not necessarily reached. For example, if we multiply the numerators
of f and g by 22, the distance between them is still 3, but the supremum corresponds to x — oo.

Exercise. Find the distance between f(z) = /z and g(z) =23, 2 € [0,1] (d=5-67%°).

1.2 Sequence of functions

It is a sequence whose terms are real functions defined on a certain I € R.

{fn}:fth,...fn...

gy 1 1 1
a2 142220 14322 T+ a2’

Example. f,(z)= T na?

The curves corresponding to different values of n are shown in the figure. Notice that all of them
pass through the point (0, 1); and, for all non-zero x, they get closer to OX as n increases.

Infinitesimal Calculus 2. J. Fe. ETSI Caminos. A Coruiia 89



1.3 Pointwise convergence

Let {f.} be a sequence of functions. If we choose an x € I, the resulting sequence {f,(z)} is
a numerical sequence. If it converges, the limit will be a function of the x. Based on what was
studied in numerical sequences, we say that the sequence has a limit f(z) if it is satisfied:

lim f,(z) = f(z) <= Ve >0In e N/ |f(z) — f(z)| <&, Vm >n

n—o0

that is, if the terms of the sequence get as close to the value f(x) as we want, starting from a
sufficiently advanced index.

If this occurs Vo € I, we say that the sequence of functions {f,} converges pointwise to the
function f on I.

In the example above, all the curves pass through the point (0, 1), while, outside the origin, they
get as close as we want to the OX axis, if n is high enough. So we conclude that

1 1, z=0
fn<x>—m:»f<x>—{0 .20

and we obtain a limit function discontinuous at the origin.

The set C of points where {f,,} converges is called Set of Convergence.

Exercise. Study the sequence of functions {sin"x}, z € [0,7/2], and check that its limit
function is similar to the one just obtained.

1.4 Uniform convergence

In the pointwise convergence it is required that, for every € > 0, there exists an index n such
that, starting from it, the difference |f,,(z) — f(z)| becomes less than . The value of n will
then depend on e, but it can also depend on the chosen point z, that is to say

n =n(e,x) (pointwise convergence)

This allows the n obtained to be very different for the different points x and, as a consequence,
the limit function f can be very different from the f,, (in the example, the f, are continuous
and f is not).

If, given an ¢, we can find a maximum value ng for the different n(e, z), then

|fn(z) — f(2)| <&, Ym > ng, Ve € ]
and, from a value ng of the index, the convergence condition is satisfied for all z. We have become
independent of the point since the index now depends only on ¢. In this case the convergence is
said to be uniform and some properties of the functions f,, are inherited by f.
Definition. We say that {f,} converges uniformly to f on I € R if and only if

Ve>03n(e) /d(fm. [) <&, Vm>n

Or what is the same

fn converges uniformly to f on I <= limd(f,,f) =0
n—oo

(remember that d(f,, f) = sup|fu(x) — f(x)], = € I).

The uniform convergence implies the pointwise one, since the former verifies the same require-
ments as the latter, plus some additional condition.
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Example. To study the convergence of f,, = , x € [1,2], we take three steps. First we

x
I+ nx
calculate the limit f(xz) for a given x € I. Next we obtain the distance between f,,(z) and f(z).
Finally we calculate the limit of this distance when n — oc.

1) lim f,(x) =0, so f, converges pointwise to f(z) = 0.
n—oo

1 1
2) d(fn, f) = 0| =swp|l——| =
) d(fns f) SuP‘l—an el Sup Vr+n|,, 1/24+n
3) nh_}n;o d(fu, f) = nll_)IIOIO 240 = 0, hence the convergence is uniform.

Exercise. Prove the uniform convergence of the sequences whose general terms are:

1 2
Lz e[ b) fulr) =20 s eR

VI = .

1.5 Sequence of continuous functions

Let f,, be a sequence of functions, defined on I. If {f,} converges uniformly to f on I and the
fn are continuous on I, then f is continuous on I. That is to say ,

’ fn continuous + uniform convergence = f continuous‘

The proof can be seen in a supplementary document.

Application. Given a sequence {f,}, it is usually easy to find its limit function f(z) as well
as to find out if the f, and f are continuous. But it is usually more complicated to analyze if
the convergence is uniform.

The theorem solves this problem in many cases since, if a sequence of continuous functions
converges to a discontinuous limit function, the convergence will not be uniform. If it were, f(x)
would be continuous, which does not happen.

Example. We study the pointwise and uniform convergence of the sequence of functions {z"},
on the interval I = [0, 1].

- For x = 1, we have that 2" = 1, Vn.
- Forz €[0,1), 2" — 0, if n — oc.

hence
0, r€[0,1)
1, r=1

n—oo

lim f,(z) = {

and the limit function f(z) is discontinuous. Since the functions f,, are continuous Vn, we can
assure that the convergence is not uniform.

Exercise. Study the convergence of the sequences of functions:

a) {cos"z}, x €[0,7/2]; b) {6’”3‘”2} ,r€eR
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2 Series of functions

2.1 Definition

To work with series of functions, we will follow the same steps that we took with the series of
real numbers. Given a sequence { f,,}, we define the partial sum F,, as

Fo=) fi=h+f++/f
=1

The series of functions associated to {f,} is the sequence of partial sums {F,}. We usually
denote the series as > f,,. The addends f; are the terms of the series and f,, is the general term.

T T
Example. If f, =sin —, the series associated to {f,} will be > sin — and the partial sum is
n n

n
Fnzg sin— =sin— +sin — + -+ + sin —
— ) 1 2 n
1=

2.2 Pointwise and uniform convergence

Let > f, be a series of functions. Reasoning as in 1.3, if we choose an x € I, we obtain a series
of real numbers. If it converges, its sum will be a function of the chosen z.

Pointwise convergence. We say that the sum of the series is F'(x), if the terms F,,(x) of the
sequence of partial sums are as close as we want to the value F(x).

If this holds for every x € I, then the series ) f,, converges pointwise to the function F' on I.
The condition is:

lim F,(z) = F(z) <= Ve > 03n e N/ |F,(z) — F(z)| <&, Vm >n

n—oo

In this case we write

Z fa(z) = F(z) (F()is the sum function)

Example. A very simple case of series of functions is the geometric series of ratio z:
R i
This series converges if |z| < 1 and its sum is S = z/(1 — ) (see unit III, section 2).

Uniform convergence. As we saw in sequences of functions, the convergence will be uniform
if n depens only on the chosen value of €, n = n(e), that is

Ve>03n(e) /d(F,, F)<e, VYm>n

Or, what is the same,

Z fn converges uniformly to F' on I <= lim d(F,,, F) =0

n—oo

being the distance between F), and F' the supremum of the point-to-point distances, when z € I.
In the expression d(F,, F'), F,, is the partial sum of the terms of the sequence, so the study of
the uniform convergence of a series is more complicated than that of a sequence. For this reason,
the criterion of the majorant, stated below, is very useful.
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2.3 Criterion of the majorant (Weierstrass)

Let " f, be defined on I. Let > |fn(z)| be the series of the absolute values of its terms. If it has,
as a magjorant on I, a numerical series of positive terms, convergent, then > f, is uniformly
convergent on I.

1 2
Example. The series ) ﬁ(sin nx + cosnx) satisfies | f,,(z)| < ot Vn, Vx € R. Hence > | f,|
is a minorant of a numerical convergent series, thus it converges uniformly on R.

Exercise. Check the uniform convergence, in their definition intervals, of the series:

" (1 —tanx)"

a) Zg,xe 0,2]; b) ZT,:UE [0, 7 /4]

2.4 Series of continuous functions

If a series > fn, whose terms are continuous functions on I = [a,b], converges uniformly on I
to its sum function F', it is continuous on I.

Proof. We know (section 1.5) that if a sequence of continuous functions converges uniformly
to its limit function f, it is continuous.

Then, if the f, are continuous on I, the partial sum F,, = )" f; will also be continuous on I,
since it is a sum of continuous functions.

Since F), converges uniformly on [ to its sum function F', it is continuous in /.

2.5 Integration of a series of functions

Our main interest in the integration and derivation of series of functions (2.5 and 2.6) is that
they will be used later in the particular case of power series. Here we will just state the conditions
for performing both operations and the properties that they verify.

If a series y fn of functions integrable on I = |a,b], converges uniformly on I to its sum function
F, it is integrable on I and its integral is the sum of the series of integrals.

> fila) F(x):>/xF(t)dt =2 /xfxt)dt, z € [a, 0]

This can be briefly expressed by saying that if a series of integrable functions converges uniformly
to F, the integral of the sum is the sum of the series of integrals.

2.6 Derivation of a series of functions

Let I = [a,b]. Given a series )’ f,, of differentiable functions on I, that converges at a point of I,
such that Y f! converges uniformly on I, then " f, converges uniformly on I to its sum function
F, which is differentiable on I and its derivative is the sum of the series of the derivatives.

Y falwo) =Flxo) v Y fule) B Gla) =) fule) & F(z) y F'(z) = G(2)

We can express it briefly by saying that, under certain conditions, the derivative of the sum of
a series of differentiable functions is the sum of the series of the derivatives.
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3 Power series

3.1 Definition

A power series is a particular case of a series of functions, in which f,(z) takes the form
fulz) = an(z —a)", a, €R

In the most common case, with a = 0, the series expression is » _ a,x".

In power series the term corresponding to n = 0 is usually included, so
n __ 2
Zan:p =ag+ a1+ ax” + ...

3.2 Cauchy-Hadamard’s theorem

For any power series dr / 0 <r < oo (radius of convergence) such that:
- If |z| < r, the series is absolutely convergent.

- If |z| > r, the series is not convergent.

Proof: As we saw in numerical series, absolute convergence is equivalent to unconditional
convergence, so we apply the nth root test to »_ |a,x"| (which becomes a numerical series for

each z € R).
lim {/|a,z”| = lUm {/|a,|{/|2|" = lim /|a,||z| = |z|
n—oo n—oo n—o0

a) If 1 # 0 and | # oo, we study two options:

1
a.l) If |z] < 7= llz| <1 =) |a,x™| convergent.

Hence the series > a,x™ is absolutely convergent.
a.2) If |z| >%:>l|x| >1:>7}L1§O¢/m>1.
If the limit is greater than 1, it means that
Ing [/ |ane™| > 1Vn > ng = |ayz”| > 1Yn > ng
so the necessary condition of convergence is not satisfied and the series does not converge.
b) If I =0, then Vz, [ |z| = 0 < 1, so we say that r = occ.

c) If I = oo then the limit
lim {/|a,| |z
n—o0

will be less than 1 only if z = 0, in which case all products {/|a,||z| will be null and the limit
will also be null. We then say that » =0

That is, we have found a value r that verifies the condition of the statement, which proves the
theorem. If | = lim {/|a,|, this value of r is:
n—oo

1
a)r=0,ifl=00; b)r=o0, ifl=0; C)T:T if 140, | # 00
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Remarks. It is important to note the following:

1. For |z| = r, the theorem does not say anything, so the series can be convergent or not and
we have to study the numerical series that results for r = +r.

2. A sequence {a,} has an oscillation limit a € R or oo = o0, if there exists a subsequence
of {a,} which has limit « (or, what is equivalent, if in every neighborhood of « there are
infinitely many elements of {«,}). This can happen, for example, if «,, does not have a
unique expression, but is different for odd and even terms.

A sequence of real numbers may not have a limit, but it must have some oscillation limit,
finite or infinite (J. Burgos, p. 73). If it is also bounded, its oscillation limits will be finite
(Bolzano-Weierstrass theorem for sequences). If we obtain different values, we will take
for I the largest of them (upper limit of oscillation):

[ = lim /|a,|
n—oo
3. We can also determine [ as the limit of the quotient

Qp41
G,

lim

n—o0

because, if it exists, so does the limit of the nth root and takes the same value (root law).

4. From this theorem, it follows that the interval of convergence C of power series always
takes one of these forms:

(=r,7), (=r,r], [=r,7r), [-7 7]

Examples. We calculate the radius and the interval of convergence of the following series:

n 1 1
L. Z% rzlggon\/|an|: 1Lm {/— = lim — =0 == r =o00. Hence C =R.

n—00 nn n—oo N

2. Y - n"2". lim {/|a,| = lim ¢/n" = limn = co = r = 0. Hence C = {0}.
n—oo n—oo n—oo

" 1 1
3. > 920_ lim {/|a,| = lim {/ — = 5= T= 2. Hence C = (-2, 2), since:
n n—oo n

—oo \| 27
2" . )
NN e series diverges for z = 2.
o > 1= th d f 2
_9)n
-3 (2—n> =Y (—1)" = the series oscillates for x = —2.

Exercises. Check that the intervals of convergence are the ones indicated:

. y_onlz", C ={0}.

xn

—_

3. 2r 4+ 222 + 203 + 224 + ... C=(-1/2,1/2).

W

5 3 4 a, =n, nodd 11
1+ 24252 4+ 32° 4+ 6252 + - - - + a2 + ..., where ,C=—=,=).
a, = 5", n even 55
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3.3 Continuity, derivation and integration

Let > a,z™ be a power series of radius of convergence r > 0 and sum S(x). The function S(z)
verifies the following:

a) S(x) is continuous on (—r,7).

b) S(z) is differentiable on (—r,r) being its derivative | S'(x) = Z na,z" "

c) S(z) is integrable on [0, z],Vx € (—r,r). Its integral is / S(t)dt = Z On_ gnt1
0

Therefore:

1. Power series can be differentiated and integrated term by term, being the deriva-
tive of the sum, the sum of the derivatives of the terms; and being the integral of the sum,
the sum of the integrals of the terms.

Note that the terms in c) are the integrals of the initial terms since we are integrating the
addends a,t"™ between 0 and x. The result coincides with the primitive of »_ a,x".

2. As it is shown in the proof, when differentiating or integrating a series we obtain another
with the same radius of convergence. But, since the interval is open, we cannot ensure
if the series converges or not at the endpoints.

Proof: It can be seen in a supplementary document.

Application. The following two geometric series are very useful for applying the above prop-
erties to solving problems, as will be seen in the examples:

- 1
1. E a:”:1+x+as2+---+x”+...,WhosesumisS(az):1—, lz| < 1.
—x
n=0

2. Z (-D)ma"=1—x+2%—-- + (=1)"2" + ..., whose sum is S(z) = ——, |z| < 1.
T

n=0

= n
Example 1. We calculate the sum of the numerical series Z on

n=1
S 1
We start from the series Z a™, whose sum is S(z) = T To get the factor n in the numerator,
—x
n=0
we derive:
1

1
=l4+a+2*+  +a2"+... .= ———=14+20+32°+--+na" ' +...
1—x (1—x)?

In order to also have n in the exponent, we multiply both members by x, resulting

ﬁ:x+2:1:2+3x3+---+nx"+---:zn:z:”
n=1

Finally, giving to x the value 1/2, we arrive to the sum we were seeking

= n 1/2
N e

n=1

Remark. We have applied the property 3.3.b).
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Example 2. We now want to calculate the radius of convergence and obtain the sum of the
power series

> " 2 3 7t
_1 n+1_: _ -
nz;:( A s

We calculate the radius of convergence.

: a1 1
= i = J =1 == g
Differentiating the series, we obtain
l—ao+a2* -2 +...
which is a geometric series of ratio —z. Its sum is:
1
1+’

The integral of this function will be the sum of the series from which we started. Thus, we
calculate the integral between 0 and x of S(t), that is

S(z) = x| <1

T

1
Z "*13: = ——dt=In(1+1¢)|;=In(l+z)—Inl=Imn1l+z), |z|<1
o 1+t

n=1

We have applied the properties 3.3.b) and c), deriving the original series, adding the series that
results and integrating the sum function obtained.

Exercise. Find the sum of the following series:

o

DY 2 (5=32): b)Y L (s

n=1 n=1

3.4 Abel’s theorems.

The theorems we state next allow us to study the sum of a series at the endpoints of its interval
of convergence, x = +r (the proofs can be seen in J. Burgos, p. 548).

Let Y~ a,x™ be a series and let r > 0.

1. If > aya™ converges at @ =1 (x = —r), it converges uniformly on [0,7] ([~r,0]).
2. If > a,x™ converges at x=r (r=—r), its sum function is continuous at * =1 (x = —r)
and integrable on [0, r] ( )

Application. Abel’s second theorem allows us to obtain the value of the sum of a series at
the endpoints of C from the expression on (—r,r), by using the continuity of the sum function
at © = £r. Indeed, if Y a,2™ has a radius of convergence r and a sum S(z), then we know that:
- The sum function S(x) is continuous on (—r,7), as seen in 3.3.a).
- If " a,a™ converges at © = r (Z anr™ is convergent), the theorem assures that S(x) is
continuous also at * = r. That is, we can calculate its value at x = r by taking limits on
the expression of S(z) for z € (—r,r) (and analogously with z = —r).

2 an" = S(r) = lim 5@

- Then, if the expression of S(x) for (—r,r) is a continuous function at x = r, the value of
the sum at x = r will correspond to the expression, particularized at this point.
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Remark. The fact that the sum has an expression as a function of x for x € (—r,r) and that
at x = r the series converges, does not ensure that we can use for the sum at the endpoints of the
interval the expression valid for the interior. Indeed, the sum S(z) could be defined differently
on (—r,r) and at x = +r, so that the expression for (—r,r) might not even make sense at x = r.

xn
Example 1. We study the uniform convergence of series » —.
n

Applying the Cauchy-Hadamard theorem we see that it has a radius of convergence r = 1,
therefore it converges on the interval (—1,1).

Studying it at x = 1, we see that it also converges at © = —1 (at = 1 it diverges).

Then, by Abel’s first theorem, we know that it converges uniformly on the interval [—1, 0]
and also on every interval [0, z¢], Voo < 1.

Uniting both intervals, we can affirm that it converges uniformly on every interval.

[—1,z20] C [-1,1)

Example 2. We want to obtain the sum of the alternating series of the inverses of the odd
numbers, as a particular case (x = 1) of the power series

DY A A
— 2n+1 3 d
To do this, we start from the geometric series of ratio A\ = —x?

Z(—l)"az%zl—x2+x4—~- (2)

which converges to

We see that, integrating series (2), we obtain series (1). So, taking into account 3.3.c), the sum
S(z) of series (1) will be the integral of the sum s(x) of series (2). That is,

S(x) = / s(t)dt = / 5 = arctant|; = arctan

When integrating, the radius of convergence is maintained, so this sum function is valid for
|z| < 1. But, in principle, we cannot use z = 1 in S(x).

We know that the series (1) converges at @ = 1 (Leibnitz’s theorem). Then, applying Abel’s
second theorem, we can obtain the value of the sum at z = 1 by taking limits, when z — 1, in
function S(x) = arctanz. Since the arctangent function is continuous, it results

o0

1 1 1 . 7T
(—1)" =1—=-+4+-—..-=limarctanx = arctan1 = —
— on + 1 35 21 4

n

Exercise. Obtain the sum of the alternating series of the inverses of the even numbers. To do
it, calculate the value of the sum funcion of the following power series, at the endpoints of the
field of convergence.

Z(_l)nﬂi’?_:x_fc_ﬁ__...

n=1
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3.5 Power series expansion of a function. Taylor series

a Power series expansion

Consider the interval C = (—r,r), the power series »  a,z™, convergent on C, and the function

f, defined on C. If the sum of the series coincides with the value of the function on C, we say
that > a,z™ is a power series expansion of f on C.

Example. We study a power series and a function defined respectively as:

x
1— 22

[o¢]
Zx2”+1:$+$3+x5+... f(x)
n=0

The function exists on all of R, except = +1. The series is geometric with a ratio of 22, hence

it converges if |z| < 1. Its sum is
x

1 — a2
Since the sum function S(x) coincides with f(x) on the interval (—1,1), we say that > z*"*1 is
a power series expansion of f(z) on C = (—1,1).

S(x) =

Remark. As we see in the example, the domain of the function does not have to coincide with
the interval of convergence of the series. The series will be a series expansion of the function
only at the common points of its interval of convergence and the domain of f.

b Taylor series

When studying real functions, we called limited Taylor expansion of order n, of a sufficiently
differentiable function, to the expression:

n (i '
flz) = Z fz—@ '+ T, (z)

that is, the sum of the Taylor polynomial plus the remainder term.

Suppose now that a function f admits a power series expansion, with certain coefficients a,,:
o0
flx) = Z ap,x" on (—r,r)
n=0

Since it is expressed as a sum of terms of the form a,x™, the function will be differentiable, its
derivative being the sum of the derived series (section 3.3):

f(x) = f: na,z" " on (—rr)
n=1

Functions f', f* ... will also be differentiable. It is easy to prove that (J. Burgos, p. 510):
- The function f belongs to C* on (—r,r) (it is infinitely many times differentiable).
f*(0)
k!
We see that the coefficients a,, take the Taylor expression (reminded above). This allows us to

calculate these coefficients for any function that admits a series expansion. In this case, we will
call the Taylor series expansion of f to:

00 00 (n
f(z) = Z apx" = Z fn('()) "
n=0 n=0 ’

- Its kth derivative at the origin is f*(0) = k! ay, from where a; = , VE e N
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Example. We consider the geometric series Y z™. If; as in this case, we know its sum,

= 1
" — 1,1
D =1 we(-11)

n=0
we can say that the series is the Taylor series expansion of f(z) =1/(1 — z).

Usually we will proceed in the opposite direction, starting from a function and obtaining its
expansion. If, in our example, we calculate the higher-order derivatives of f at x = 0 and, from
them, the coefficients a,, it turns out

fz) = ﬁ = f*(0) = k! = a), =

so they all take the same value (a, = 1,Vn). The Taylor series obtained is 1+ z + 2% + ...,
which logically coincides with the one we considered at the beginning. That is,

1 = S0 L =
1—$—n:0 n! x_nzzox

fx) =

¢ Necessary and sufficient condition

If f € C*, we can calculate its higher-order derivatives and, from them, the coefficients of the
Taylor expansion. It may then seem that the condition of belonging to C'* is sufficient for f to
admit a Taylor series expansion, but it is not so: it is necessary, but not sufficient. We state the
necessary and sufficient condition below.

Let f € C. It is a necessary and sufficient condition for f to admit a Taylor series expansion
on (—r,r) that

lim 7,,(z) = 0, Vz € (—r,r)

n—oo

Proof. We write the limited Taylor expansion of the function f, from which we deduce the
remainder term.

n @ ' n (i ,
o= 0w = nw = -3 B

The Taylor series will converge to f(z) on (—r,r) if and only if the limit of the Taylor polynomial
of degree n (which approximates the value of the function) is equal to f(x), when n — oo.

L0
=0

But this is equivalent to saying that

lim (f(x) — Y f(i,(o):c’) =0 < lim To(x) =0

n—oo . 7! n—o0
=0

Remark. This result was to be expected, since the remainder term 7, (z) is the difference
between the exact value of the function and the approximate value obtained with the Taylor
polynomial of degree n. Then, for the series to exactly represent the function, that difference
must be made as small as we want by taking a sufficiently high number of terms. That is, T,,(z)
must have limit 0, when n — oo.
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4

4.1

Self-assesment exercises

True/False exercise

Decide whether the following statements are true or false.

1.

10.

4.2

St fn =
f=1

We have defined the distance between two functions as the maximum of their point-to-point
distances.

x :
15 na? + x, then nh_}rgofn = .

. The sequence of general term f,(z) =sin"z, = € [O, g} converges uniformly to

L z=m/2
flo) = 0, =#m/2

. Let > f, be a series of functions defined on I. If > |f.(x)| has, as a majorant on I, a

convergent numerical series of positive terms, then ) f,, is uniformly convergent on I.

oo

. The convergence interval of Z nz™ is (—1,1).

n=1

n

. The convergence interval of Z ;7— is [—1,1).
n

n=1

. A power series, the series of its derivatives and the series of its integrals have the same

interval of convergence.

1
. The sum of the power series —1—xz — 2% —2%... is lz| < 1.

x—1

. Let f be a function defined Vo € R. Sea > a,z™ a series convergent on a certain interval

C, such that > a,z™ = f(x). We can say that ) a,z" is a power series expansion of f(x)
on R.

If a function f is infinitely many times differentiable, we say that f € C**°. In this case we
can obtain its derivatives of any order, so the function admits a Taylor series expansion.

Question

The power series expansion of function f(x) = In(1 + x) is

> (—1)ntl

n=1

and its radius of convergence r = 1. Obtain, using the second Abel’s theorem, the sum of the
alternating harmonic series

1 1+1 1+
2 3 4
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4.3 Solution to the True/False exercise

1. F. It has been defined as “the supremum of its point-to-point distances”, which always
exists, as they are bounded functions (property of the supremum), while the maximum
may not exist.

E.g If f(x) = 1/x, g(x) =1 and I = [1,00), the set of point-to-point distances between

f and g does not have a maximum. The supremum is 1 and corresponds to z — oo.

2. T. For x # 0 the limit is z, since the denominator of the fraction tends to oo and the first
addend to 0. For x = 0, f,, is null Vn, so that the limit is 0, that is, x.

3. F. The limit function is correct, but the convergence is not uniform, because the functions
fn are continuous and f is not (see 1.5).

4. T. See the criterion of the majorant (Weierstrass).

5. T. The limit | = {/|a,| = 1, hence r = 1/l = 1. Studying the endpoints of C (z = £1),
we see that in them the series diverges.

6. T. The limit [ = {/|a,| = 1, hence r = 1/l = 1. Studying the endpoints of C (z = %1),
we see that the series diverges at x = 1 and converges at © = —1.

7. F. They have the same radius of convergence (see 3.3).

8 T. —1—x—2*>—23... is a geometric series of ratio A = z. Its sum is

—1 1
S(x) = = <1

9. F. > a,x™ is a power series expansion of f(x) on C, where the series converges, not on R.

10. F. That f belongs to C" is a necessary condition, but not sufficient, for f to admit a
Taylor series expansion. The necessary and sufficient condition is that lim 7T, (z) = 0,
n—oo

being 7T},(x) the remainder term of the limited Taylor expansion (section 3.5 of the unit).

4.4 Solution to the question

The series of real numbers, whose sum we want to obtain, converges by Leibnitz’s theorem.
) )

According to the statement, the sum of the given power series is the function S(x) = In(1 + ),
for values of |z| < 1. At the convergence interval endpoints (z = 41) it may or may not converge

and must be studied in each case.

1 1 1
For x = +1, the power series becomes the series we want to sum: 1 — 3 + 371 + ...

Abel’s second theorem states that “if a power series > a,z™ converges for x = r, its sum is a
continuous function at « = r”. Since we know the value of S(x)Vx € (—1,1), we can obtain the
value of the sum of the series at # = 1 as the limit of S(z) when x — 1. Thus,

N
S =limln(l+a) =In(l+1) =In2
—) n x—1

as we already knew from unit IIT (Series of real numbers).

Remark. At the other endpoint of the convergence interval (x = —1), the resulting series is
00 (_1)n+1 o0 (_1)2n+1 0 1
) ()= ) Z
Y

that is, the harmonic multiplied by —1, therefore divergent to —oo.
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Unit V. Complex numbers s omze

1 Introduction

The objective of these notes is to give some basic notions about complex numbers (a rigorous
axiomatic definition can be seen in J. Burgos, pg. 559).

As we know, there is a bijection between the points of the line and the real numbers, so that
each element of one of the two sets corresponds to one, and only one, of the other. This allows
us to find a solution in R for equations that do not have a solution in QQ, despite which there are
still equations without solutions. One of the simplest is:

2 4+1=0

In order to solve it outside the real numbers, we define the number ¢ = /—1, which we call
imaginary unit. Thus, the solution of the equation is

r==v—-1==1

Numbers of the form ki, with & € R are called imaginary (or pure imaginary). If we consider
the equation
422 +2=0

we arrive at the following solution

r=—-1++v-1=-1%£1

Since this result is the sum of a real number and an imaginary number, we call it complex
number. From the definition of this new type of number, we can solve any algebraic equation
without solution in R, such as €* = —1 or cosx = 2.

2 Definition. Rectangular form. Basic operations

A complex number in rectangular form is any element of the form z = a + bi, where a and b
are real numbers and are called real part and imaginary part of z respectively.

Both real numbers and pure imaginary numbers are complex numbers. The former are complex
with the imaginary part null (b = 0) while the latter have the real part null (a = 0). The set of
complex numbers is denoted C.

Given the complex numbers z; = a; + byt and zy = ag + bei, we define the following operations.
a) Addition: z; + 2o = (a1 + az) + (by + bo)i € C.
b) Product: 21 - 2o = ajas + b1bai® + (ayby + agby)i = ajas — bibs + (a1bs + asby)i € C.
c) Product by a A € R: Az = Xa+ \bi € C.

Two complex numbers are equal if their respective real and imaginary parts are equal:

’21:ZQ<:>G1:CL2, blzbz‘

It is immediate to check that the additive identity (null element) in C is 0 = 0 + 0 and the
multiplicative identity (unity element) is 1 = 1 4 0i. From the above it can be shown that
C(+, -) has a field structure (it is also a two dimensional vector space over R).

Just as sets N, Z, Q and R are each an extension of the previous one, C is an extension of R. It
is enough to observe that Va € R we can write it as a = a + 0¢ € C, so R C C; and that the
operations between numbers of the form a 4+ 0i are reduced to the operations between reals.
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3 Polar form. Graphic representation

Considering the real a and imaginary b parts of a z as Cartesian coordinates, we observe that
there is a bijection between C and R?. The complex number z can be represented graphically
by a point in the XY plane (affix) as well as by a vector that joins the origin O with the affix.

The distance p from the origin to the affix (or modulus of the vector) is the modulus of z. If
z is not null, the angle that the vector forms with the positive direction of the = axis is the
argument 6 (we take the counterclockwise rotation as positive). Then we have:

a=pcosf, b=psinf, p=+va>+0b? tanf =>b/a (a #0)

If 6 is obtained as the arctangent of b/a, we must remember that the arguments 6 and 6 + 7
have the same tangent, so the quadrant where the affix is located must be taken into account.

For all z # 0 there exists a single value § € (—m, 7] (main argument) and infinitely many
0 + 2km, k € Z values (arguments). Then the polar (or trigonometric) form of z is

z=a+bi=pcosh+ (psinf)i = p(cosf + isinh)

and the equality condition of two complex numbers becomes

’21:22<:>p1:p2 and 0, = 0y + 2km, keZ\

that is, two complex numbers are equal if and only if they have the same modulus and their
arguments differ by an integer multiple of 2.

Geometric interpretation of the sum or difference of complex numbers. Since we
represent the complex numbers by two components (like vectors in the plane) we observe that
their sum also follows the parallelogram rule. Thus, adding 2z to z; is equivalent to moving the
affix of z; according to z (moving it by a distance p, along the direction given by ).

Then, adding z to the complex numbers whose affixes form a geometric figure is equivalent to
moving it a distance p, along the direction given by 6, without deforming or rotating it. And
the modulus of the difference of two complex numbers is the distance between the affixes.

Geometric interpretation of the product of complex numbers. Given z; = p;(cos bty +
isinfy) and zo = py(cos by + isinby), operating we obtain (check it):

2129 =+ = pP1P2 [ cos 0y cos B — sin 0, sin O +i(sin 0 cos by + cos 0y sin 0%)]

cos(01+62) sin(61+62)

That is, when multiplying two complex numbers, the modulus of the product is the product of
their moduli and the argument is the sum of their arguments. So

- By multiplying z; by p € R, we multiply its modulus by p, without changing the argument.

- By multiplying z; by (cosf + isin @), we add 6 radians to its argument (i.e., we rotate it
by an angle 6 counterclockwise), without varying its modulus.

Therefore, multiplying by z = p(cos 6+ sin #) the complex numbers whose affixes form a geomet-
ric figure is equivalent to multiply its dimensions by p and rotate it 6 radians counterclockwise.

Exercise. Given the complex numbers z; =2 — 2i, 20 =8 — 21, 23 =8+ 21, 24 = 2 + 2i.

a) If we multiply them by z = i/2 (p = 1/2 and 6§ = 7/2), check that the figure formed by
their affixes reduces its dimensions by half and rotate 90 degrees counterclockwise.

b) What happens if we multiply zo — 21 by 7

c) If the affixes of z; and zy are two consecutive vertices of a square located in the fourth
quadrant, how can we get the other two vertices?

Infinitesimal Calculus 2. J. Fe. ETSI Caminos. A Coruia 104



4 Complex conjugate, opposite and reciprocal. Quotient

Let z = a+ bi be a complex number. We define the complex conjugate, opposite and reciprocal.
a) The complex conjugate of z (Z) is obtained by changing the sign of the imaginary part,
that is,
The property of conjugates is:
z-Z2=(a+0bi)-(a—bi)=a>=0*%=d®>+b* =]z

b) The complex opposite of z (—z) is the complex that, added to z, results in the null
complex. It is immediate to see that

’—z:—a—bi

c) The reciprocal of z # 0 (z7!) is the complex that, multiplied by z, results in the unit
complex. From the property of the conjugate, we have that

- 2 z 1 z
2 Zz=pk"=z S =1=|z :?

s |2

d) The quotient of z; and zy (29 # 0) is defined as the product of z; by the reciprocal of z,.

21 1 Z9
— =2z ZQ =21 —
22 | 25

It can be interpreted as the result of multiplying numerator and denominator by the
conjugate of the denominator. In rectangular form,

a+bi  (a+bi)(c—di) (a+Dbi)(c— di)

c+di  (c+di)(c—di) A+ d?

Geometric interpretation. We write z in polar form, z = p(cosf + isin#). Then:
a) z=p(cosd —isinf) = p(cos(—0) + isin(—0)).
Z has the same modulus than z. Its argument is the opposite of the argument of z.
z 1 . 1 .
= W e p(cos(—0) + isin(—0)) = ;(COS(—H) + isin(—0)).

is the inverse of the modulus of z. Its argument is the opposite of the

b) 271

The modulus of z~!

argument of z.

c) 2 =z zt== &(Cos(el —6) +isin(6; — 6,)).
29 P2

The modulus of the quotient is the quotient p;/po; the argument is the difference 6, — 6.

Exercise. Prove that:

1. Given two complex numbers, the conjugate of the sum is the sum of the conjugates and
the conjugate of the product is the product of the conjugates.

2. A complex is pure imaginary if and only if its opposite is equal to its conjugate.

3. The inverse of z is obtained, as in R, by means of the expression 1/z.
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5 Exponential of a complex number. Euler’s formula

Given z = a + bi, we define the exponential of z as the (unique) complex of modulus €* and
argument b.

exp(z) = €%(cosb + isinb)

The complex exponential is defined this way so that it preserves the properties that the function
€” holds in R. In particular, the complex exponential of a real number, exp(a), a € R, will have
the same value than the real exponential of a. Indeed, since the exponent is real,

a € R = exp(a) = exp(a+ 0i) = €*(cos0 +isin0) = €°

so that, for example, the exponential of the complex null is equal to 1, as in R.

The complex exponential is usually denoted by €% in a simplified but inaccurate way, since
this expression does not generally have a unique solution. Indeed, it is a particular case of the
complex power of a complex number z7? (not studied here).

From the definition, the following relations are also verified (prove them as an exercise):

a) €7 e2 = e from where [(€)" = €],

b) |€*/e? = e*7*2| from where |1/€6° = €77|.

In the particular case z = 01, its exponential will be

€|, _gsp: = € (cosf + isin0)

from which the Euler’s formula results

e’ = cosf +isinf

We see that €% represents the complex number of module 1 and argument 6. Euler’s formula
helps us to remember the expression of the exponential of z, since

€= et = e = €*(cosb + isinb)

We can now write a complex number in exponential form

2z =p(cos +ising) = pe”

In exponential form, the complex conjugate and the reciprocal of p€% are

. 1 )
7= pe—Hz; 2_1 — 56—91

Example. Let us see that €2 = —1 has a solution in C. Indeed:

€e=1—=a=0

z a+bi: abi: i
€=-1=¢€ et =¢ :>{b:7r+2/m,kez

}:>Z:(2k+1)m', kelkZ
The solutions are the infinitely many pure imaginary numbers of the form z = (2k+1)7i, k € Z.

Exercise. Represent in exponential form the complex numbers —1, ¢ and —i. Find the values
of x that satisfy the equation €*' +i = 0.
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6 Natural power. De Moivre’s formula

By multiplying the complex number z by itself n times, we get the complex 2. As we know
from the properties of the product, its module will be p" and its argument nf, that is,

n

2" = [p(cos@ +ising)]|" = p" (cosnf + isinnd)

In the particular case p = 1, we obtain De Moivre’s formula:

(cosf +isin )" = cosnb + isinnd

Exercise. Calculate cos36 y sin36 as a function of sinf y cos#.

Sol: cos 360 = cos®f — 3sin?fcosf; sin36 = 3sin b cos? 6 — sin® 4.

7 nth root of a complex

We say that w € C is the nth root of z € C if the power n of w is equal to z.

Vr=we=uw"=2

Let 2 = p€% be a complex number and w = r€#" its nth root. Then

1
n _ ,.nonpi _ 01 r=pn
wiETeT =pe :>{ +2m,kez}:>{gp:%,kez}

that is

04+2km

Giving values to k, we obtain different solutions for the argument ¢ = % +k 27”:

0

k:o :}gpoz—
n
0 2 2w
n n
0 2T 2T
n n n
0 2m

k=n = pp=—+nw— = o+ 27
n A

0 2T 2 2w
k=ntl = pnp=—+m+1)—=po+tn—+— =p+27

n n wooon
We see that, for £ = n and following, the arguments take a previous value increased by 27, so
the resulting complex is the same. Therefore we get only n different complex numbers and every
non-zero complex has n nth roots.
All the roots have the same module, so the affixes will be in a circle of radius p%. Since the
angular difference between two consecutive roots is Ap = %’r, they will be equally spaced.

That is, the affixes of the n nth roots of z are the vertices of a regular polygon with n sides,
inscribed in a circle with the center at the origin and radius pn.

Exercise. Find the square, cubic, fourth and sixth roots of unity.
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8 Fundamental theorem of Algebra

FEvery non-constant polynomial P,(z) = ag+ a1z + asZ? + -+ apz", a; € C, has some complex
root. As a consequence, a polynomial of degree n > 1 will have n complex roots.

If the coefficients a; are real, the following holds:

P,(2) has n complex roots, counting each one as many times as its order of multiplicity indicates,

such that, for each complex root a + bi, its conjugate a — bi is also a root.

If there are p different real roots z;, of order of multiplicity a; and ¢ non-real complex roots z;,
of order j3;, each one with its conjugate z;, decomposing into factors we obtain:

Po(2) = an(z —21)™ ... (2 — 1) (2 — 20) (2 — 2)7 ... (2 — 2)Pe(2 — 7,)Ps

being the degree of the polynomial n =0y +---a, +2 (81 +--- 5,).

As a consequence, if n is odd, there will be at least one real root. If n is even, the number of
real roots will be even or zero.

9 Self-assesment exercises

9.1 True/False exercise

Decide whether the following statements are true or false.

1. Let z = 2€2" be a complex number. If we multiply by z the complex numbers whose affixes
form a square centered at the point C(3,0), the affixes of the resulting complex numbers
will form a square of double size, rotated 90 degrees counterclockwise, centered at C’(0, 6).

2. If we add z = v/2€7" to the complex numbers whose affixes form a triangle of vertices
the points (—1,0) (0,0) and (0, 1), the vertex corresponding to the right angle will move a
distance equal to the length of the hypotenuse of the triangle, parallel to it.

3. The complex conjugate and the reciprocal of a complex z # 0 coincide, as long as its
module is less than 1.

4. The equality €33°+i =0 holds.
5. The reciprocal of €* verifies that: (€7)™" = % =€

6. The affixes of the 5th roots of 1 form a regular pentagon, with a vertex on the real axis.

7. Consider the roots of unity of index 2n,n € N. The affixes form a regular polygon of 2n
vertices, with two vertices on the imaginary axis.

8. The polynomial Pr(z) = ag + a1z + - -+ + azz” has seven roots in C. An odd number of
them, between 1 and 7, are real.

9.2 Question

Let z = z 4 yi be a complex number. In which cases the following equalities are verified?
a) |e7| = el

b) € = €
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9.3
1

Solution to the True/False exercise

T. The new center C’ is obtained in the same way as the new vertices, multiplying by z
the complex corresponding to the old one (z¢ = 3). That is, zor = 3 -2€2° = 6€2° = 6i,
which corresponds to the point (0,6) (see section 3).

T. The new vertex is obtained by adding z to the complex corresponding to the origin,
that is, Zy = 04 v/2€7" = 1 + i, which corresponds to the point (1,1) (see section 3).

. F. They coincide if their modulus is equal to 1. Indeed, in that case, 27" = W =z
z
: 3n; 3m . 3w ‘
. T. Since €='= c08 —- +zsm7 = —1I.

T. The reciprocal of a complex w is represented by w™!

1 e°
holds that — = — = €97* = €72,
(o (4

1
and also by —. In addition, it
w

T. It is true for any root of odd index of unity. There is always one (and only one) on the
real axis, corresponding to the root z = +1.

. F. They form a regular polygon of 2n vertices, with two of them on the real axis, corre-

sponding to the roots z = +1.

. T. A polynomial Py, of degree k, has k roots on C (Fundamental Theorem of Algebra).

On the other hand, if z is a complex root of Py, the conjugate one z is also a root. Hence
the number of complex non-real roots of a polynomial is always even (non-real complex
roots have a nonzero imaginary part).

Since non-real complex roots always go two by two, there will be 0, 2, 4, or 6 of them. So,
if the degree of the polynomial is odd (in this case 7), the number of real roots will be odd:
at least one and at most seven.

9.4 Solution to the question

a) To solve this part, we expand both expressions:

From the definition of €7, we know that its modulus is €*. Besides, we can see it by operating.

|€*] = |€"(cosy + isiny)| = € |cosy +isiny| = €°y/cos?y +sin’y = €

On the other hand,

el — eletvil — pV/aR e

Equating the two results, we get:

€ = eVTHY = = /22 + 42

which only makes sense if x > 0. In that case, squaring

=4y}, r>0<=y=0 >0

The equality holds only if the imaginary part of z is zero and the real part is non-negative, that
is, for z € R™ U {0}.
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b) We can get from one expression to the other Vz € C, so they represent the same complex
number.

(1) (2 (4) (5)

€ = €%(cosy +isiny) 2 6"’<cosy+isiny> ® €*(cosy —isiny) = €€V = Y ©

62
where we have taken the following steps:

1) By the definition of complex exponential €~.

2) Since €% is a real factor and comes out of the complex conjugate.

3) By the definition of complex conjugate .

5) By the properties of the complex exponential.

(1)
(2)
(3)
(4) We write the complex conjugate in exponential form.
(5)
(6)

By the definition of complex conjugate.

Remark. The above can be written more briefly, using the exponential notation for €* and the
properties of the complex exponential.

== ee=ce=ceY=e"V=¢
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